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PREFACE 
T h i s  report covers the work completed on the  research project "Analysis 
and Computation of Internal Flow Field i n  a Scramjet Engine," f o r  the period 
end ng November 30, 1985. The work was supported by the NASA Langley 
Research Center (Computational Methods Branch of the H i  gh-Speed Aerodynamics 
Divis ion)  th rough  research grant NAG-1-423. The grant was monitored by Dr. 
A .  Kumar and Mr. J. P. Drummond o f  the High-speed Aerodynamics Division. 
i i  
ABSTRACT 
Analyses and nunerical procedures are presented t o  investigate the 
radiative interactions i n  transient energy t ransfer  processes i n  gaseous 
systems. The nongray radiative formulations are based on the wide-band 
model correlations for  molecular absorption. Various relations for the 
radiat ive f l u x  are deve oped; these are useful fo r  different  flow conditions 
and physical problems. Specific plans for  obtaining extensive resu l t s  for  
different  cases are presented. The methods presented i n  this study can be 
extended easi ly  t o  investigate the radiat ive interactions i n  r e a l i s t i c  flows 
of  hydrogen-air species i n  the scramjet engine. 
i i i  
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1. INTRODUCTION 
I n  the pas t  two decades, a tremendous progress has been made i n  the 
f i e l d  of r a d i a t i v e  energy t rans fe r  i n  nonhomogeneous nongray gaseous systems. 
As a resu l t ,  several usefu l  books [l-181 and review a r t i c l e s  [19-261 have 
become ava i l ab le  f o r  engineering, meteorological,  and ast rophys ica l  
appl icat ions.  I n  the s i x t i e s  and e a r l y  seventies, r a d i a t i v e  t rans fe r  analyses 
were l i m i t e d  t o  one-dimensional -cases. Mu1 t idimensional analyses and 
sophis t icated numerical procedures emerged i n  the mid-to-1 a t e  seventies. 
Today, the f i e l d  of r a d i a t i v e  energy t ransfer  i n  gaseous systems i s  g e t t i n g  an 
. 
ever increas ing a t t e n t i o n  because o f  i t s  app l i ca t i ons  i n  the areas o f  the 
ea r th ' s  r a d i a t i o n  budget studies and c l imate modeling, f i r e  and combustion 
research, en t r y  and reen t ry  phenomena, hypersonic propuls ion and defense- 
o r ien ted  research. 
I n  most studies i n v o l v i n g  combined mass, momentum, and energy transfer, 
the r a d i a t i v e  t rans fe r  formulat ion has been coupled only w i t h  the steady 
processes. The goal o f  t h i s  research i s  t o  inc lude the nongray r a d i a t i v e  
formulat ion i n  the general unsteady governing equations and provide the step- 
by-step ana lys is  and so lu t i on  procedure f o r  several r e a l i s t i c  problems. The 
s p e c i f i c  ob jec t ive  o f  the present study i s  t o  i nves t i ga te  the one-dimensional 
t r a n s i e n t  r a d i a t i v e  t rans fe r  i n  a nongray gaseous system. I n  the fu tu re  work, 
the present ana lys is  w i l l  be extended ( i n  a systematic manner) t o  the problems 
o f  combined t rans fe r  processes i n  chemical ly reac t i ng  flows. 
For the present study, the in fo rmat ion  on band absorption and c o r r e l a t i o n  
i s  summarized i n  sect ion 2 and fundamental r a d i a t i v e  f l u x  equations are 
presented i n  sect ion 3. The basic formulat ion f o r  the t rans ien t  r a d i a t i o n  i s  
given i n  sect ion 4, and t h i s  i s  app l ied  t o  a special case i n  sect ion 5. The 
sol  u t i  on procedures 
s p e c i f i c  r e s u l t s  are 
2 
are described i n  sect ion 6, and plans f o r  ob ta in ing  
presented i n  sect ion 7. 
2. BAND ABSORPTION AND CORRELATIONS 
The study of r a d i a t i v e  transmission i n  nonhomgeneous gaseous systems 
requ i res  a de ta i l ed  knowledge o f  the absorption, emission, and sca t te r i ng  
cha rac te r i s t i cs  of the s p e c i f i c  species under inves t iga t ion .  I n  absorbing and 
emi t t i ng  mediums, an accurate model f o r  the spect ra l  absorption c o e f f i c i e n t  i s  
o f  v i t a l  importance i n  the c o r r e c t  formulat ion o f  the r a d i a t i v e  f l u x  
equations. A systematic representat ion o f  the absorption by a gas, i n  the 
in f ra red ,  requ i res  the i n d e n t i f i c a t i o n  o f  the major i n f r a r e d  bands and 
evaluat ion o f  the l i n e  parameters ( l i n e  i n t e n s i t y ,  l i n e  half-width, and 
spacing between the l i n e s )  o f  these bands. The l i n e  parameters depend upon 
the temperature, pressure and concentrat ion o f  the absorbing molecules and, i n  
general, these quan t i t i es  vary continuously along a nonhomogeneous path i n  the 
medium. I n  recent  years, considerable e f f o r t s  have been expended i n  ob ta in ing  
the l i n e  parameters and absorpt ion coe f f i cen ts  o f  important atomic and 
molecular species [27-301. 
For an accurate evaluat ion of the transmittance (or  absorptance) o f  a 
molecular band, a convenient l i n e  model i s  used t o  represent the v a r i a t i o n  o f  
the spect ra l  absorption coe f f i c i en t .  The l i n e  models usual ly  employed are 
Lorentz, Doppler, and Yoigt  l i n e  p r o f i l e s .  A complete formulation (and 
comparison) o f  the transmittance and absorptance by these l i n e  p r o f i l e s  i s  
given i n  C22-261. I n  a p a r t i c u l a r  band cons is t ing  o f  many l ines,  the 
absorpt ion c o e f f i c i e n t  var ies  very r a p i d l y  w i t h  the frequency. Thus, i t  
becomes very d i f f i c u l t  and time-consuming task t o  evaluate the t o t a l  band 
absorptance over the actual  band contour by employing an appropr ia te l i n e  
3 
p r o f i l e  model. Consequently, 
as wide) have been proposed 
several approximate band models (narrow as w e l l  
which represent absorpt ion from an actual  band 
w i t h  reasonable accuracy C22-26, 31-401. Several continuous cor re la t ions  f o r  
the t o t a l  band absorpt ion are a v a i l a b l e  i n  l i t e r a t u r e  C22-26, 36-401. These 
have been employed i n  many nongray r a d i a t i v e  t r a n s f e r  analyses w i t h  varying 
degree o f  success C22-26, 411. A b r i e f  discussion i s  presented here on the 
t o t a l  band absorption, band models, and band absorptance corre la t ions.  
The absorpt ion w i t h i n  a narrow spectral  i n t e r v a l  o f  a v i b r a t i o n  r o t a t i o n  
band can q u i t e  accurate ly  be represented by the so-cal led "narrow band 
models." For a homogeneous path, the t o t a l  absorptance o f  a narrow band i s  
given by 
where kw i s  the volumetr ic absorpt ion c o e f f i c i e n t ,  w i s  the wave number, 
and X = py i s  the pressure path length. The l i m i t s  o f  i n t e g r a t i o n  i n  Eq. 
(2.1) are over the narrow band pass considered. The t o t a l  band absorptance o f  
the so-cal led "wide band models" i s  given by 
co 
A = 1 C1-exp(-kwX)l d(w-wo) 
-a, 
where the l i m i t s  o f  i n t e g r a t i o n  are over the e n t i r e  band pass and wo i s  the 
wave number a t  the center o f  the wide band. I n  actual  r a d i a t i v e  t r a n s f e r  
analyses, the quant i t y  o f  f requent i n t e r e s t  i s  the d e r i v a t i v e  o f  Eqs. (2.1) 
and (2.2). 
Four commonly used narrow band models are Elsasser, S t a t i s t i c a l ,  Random 
Elsasser, and Quasi-Random. The a p p l i c a t i o n  o f  a model t o  a p a r t i c u l a r  case 
depends upon the nature o f  the absorbing e m i t t i n g  molecule. Complete 
discussion on narrow bands models, and expressions f o r  transmittance and 
4 
in tegra ted  absorptance are a v a i l a b l e  i n  the l i t e r a t u r e  [22-26, 31-331. 
Deta i led  discussions on the wide band models are given i n  [22-26, 34-401. The 
r e l a t i o n s  f o r  t o t a l  band absorptance o f  a wide band are obtained from the 
absorptance formulat ions o f  narrow band models by employing the r e l a t i o n s  for 
the v a r i a t i o n  o f  l i n e  i n t e n s i t y  as [22-26, 37-401 
where S j  i s  the i n t e n s i t y  o f  the j t h  spect ra l  l i n e ,  d i s  the l i n e  spacing, S 
i s  the in tegra ted  i n t e n s i t y  o f  a wide band, A, i s  the band width parameter, 
and bo = 2 for a symmetrical band and bo = 1 f o r  bands w i t h  upper and lower 
wave number heads a t  wo. The t o t a l  absorptance o f  an exponential wide band, 
i n  turn, may be expressed by 
where u = SX/Ao i s  the nondimensional path length, i s  the l i n e  
s t ruc tu re  parameter, yL i s  the Lorentz l i n e  hal f -width,  and J,(u,B) repre- 
sents the mean absorptance o f  a narrow band. 
B = 2nyL/d 
By employing the Elsasser narrow band absorptance r e l a t i o n  and Eq. (2.3) 
the expression f o r  the exponential wide band absorptance i s  obtained as 
where 4 = u s inh  p/(cosh f3- cos z), y = 0.5772156 i s  the Euler 's  constant, 
and E l ( + )  i s  the exponential i n t e g r a l  o f  the f i r s t  order. Ana ly t i c  so lu t ion  
o f  Eq. (2.5) can be obtained i n  a ser ies  form as C25, 261 
(2.6) 
5 
where 
A = -  u tanh$, B = l /coshp,  
The series i n  Eq. (2.6) converges r ap id ly .  When the weak line approximation 
f o r  the Elsasser model i s  v a l i d  (i.e. B is  l a r g e ) ,  t h e n  Eq. (2.5) reduces t o  
In the linear limit, Eqs. (2.5) and (2.6) reduce t o  = u ,  and i n  the 
loga r i thmic  l imit  they reduce t o  1 = y + l n ( u ) .  I t  can be shown t h a t  Eq. 
(2.5) reduces t o  the c o r r e c t  l i m i t i n g  form i n  the square-root  limit. Results 
o f  Eqs. (2.5) and (2.6) are found t o  be i d e n t i c a l  f o r  a l l  pressures and 
pa th lengths .  For p > 1 atm, results of Eqs. (2.5)-(2.7) a r e  i n  good agreement 
f o r  a l l  p a t h  lengths .  
By employing the uniform s t a t i s t i ca l ,  general  s t a t i s t i c a l ,  and random 
Elsasser narrow band models absorp tance  r e l a t i o n s  and Eq. (2.31, three 
a d d i t i o n a l  expess ions  f o r  the exponent ia l  wide band absorptance were obta ined  
i n  [25, 261. The absorp tance  results of  the four  wide band models a r e  
d iscussed  i n  d e t a i l  i n  C261. The express ion  obta ined  by empJoying the uniform 
s t a t i s t i c a l  model a l s o  reduces to  the r e l a t i o n  (2.7) f o r  l a r g e  B. 
Several  cont inuous c o r r e l a t i o n s  f o r  the t o t a l  absorp tance  of a wide band, 
w h i c h  are v a l i d  over  d i f f e r e n t  values of  p a t h  length  and line structure 
parameter,  a r e  a v a i l a b l e  i n  the literature. These a r e  d iscussed ,  i n  d e t a i l ,  
i n  [22-26, 37-401 and are presented  here i n  the sequence t h a t  they became 
a v a i l a b l e  i n  the l i t e r a t u r e .  Most of these c o r r e l a t i o n s  a r e  developed t o  
b 
s a t i s f y  a t  least  some of the l i m i t i n g  cond i t ions  (nonoverlapping line, lienar, 
weak line, and s t rong  line approximations,  and square-root ,  l a r g e  pressure, 
and l a r g e  path l eng th  limits) f o r  the t o t a l  band absorp tance  C23-261. Some of  
the c o r r e l a t i o n s  even have experimental j u s t i f i c a t i o n s  [22,351, 
The f i r s t  c o r r e l a t i o n  f o r  the exponent ia l  wide band absorp tance  (a  three 
piece c o r r e l a t i o n )  was proposed by Edwards e t  a l .  C34, 351. The f i r s t  
cont inuous c o r r e l a t i o n  was proposed by Tien and Lowder C221, and this is  of  
the form 
where 
f ( t )  = 2.94Cl-exp(-2.60t)], t = P/2. 
T h i s  c o r r e l a t i o n  does n o t  reduce t o  the c o r r e c t  l i m i t i n g  form i n  the square-  
r o o t  limit [23,261, and i t s  use should be made f o r  B 0.1. Another 
cont inuous c o r r e l a t i o n  was proposed by Goody and Belton C391, and i n  terms o f  
the present nomenclature, this i s  g iven  by 
i i ( u , p )  = ‘2 ln{l+u/~4+(7cu/4t)ll/~}, B = 2t .  (2 .9)  
Use of t h i s  c o r e l a t i o n  is r e s t r i c t e d  t o  r e l a t i v e l y  small B values C23-261. 
Tien and Ling C401 have proposed a simple two parameter c o r r e l a t i o n  f o r  
i i (u,P)  as  
-1 (2.10) K(u) = s i n h  ( U )  
w h i c h  i s  v a l i d  only f o r  the l imit  of l a r g e  B.  A r e l a t i v e l y  simple 
cont inuous c o r r e l a t i o n  was in t roduced  by Cess and Tiwari C231, and this i s  o f  
the form 
7 
~ ( u ,  j-3) = 2 In (  l + u /  { z + c ~ (  l + l / ~ )  l1l2 1) (2.11) 
- 
where j-3 = 4t/n = 2p/x. By s l i g h t l y  modifying Eq. (2.111, another form o f  
the wide band absorp tance  is  obta ined  as  C25, 261 
ii( u ,  j-3) = 2 l n (  l+u/ (2+C u[ c+*/2j-3) 1% (2.12) 
where 
0.1, j-3 c 1 and a l l  u values 
0.25, j-3 > 1 and u > 1. 
c = {  0.1, j-3 > 1 and u C 1 
Equations (2.11) and (2.12) reduce t o  a l l  the l i m i t i n g  forms C231. Based on 
the formula t ions  of  s l a b  band absorp tance ,  Edwards and Balakri shnan 1371 have 
proposed the c o r r e l a t i o n  
(2.13) A ( u )  = l n ( u )  + E1(u)  + y + '2 1 - E3(u)  
w h i c h  is v a l i d  for l a r g e  j-3. For present a p p l i c a t i o n ,  this c o r r e l a t i o n  
should be modified by using the technique d iscussed  i n  C25, 261. Based upon 
the formulat ion of the t o t a l  band absorp tance  from the general  s ta t i s t ica l  
model, Felske and Tien [38] have proposed a continuous c o r r e l a t i o n  f o r  
X(u,j-3) as 
(2.14) 
where 
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The absorptance r e l a t i o n  given by Eq. ( 2 . 7 )  i s  another simple c o r r e l a t i o n  
which i s  v a l i d  f o r  a l l  path lengths and f o r  t = (fl /2) 2 1. The r e l a t i o n  o f  
Eq. ( 2 . 6 )  can be t rea ted  as another c o r r e l a t i o n  app l icab le  to  gases whose 
spec t ra l  behavior can be descr ibed by the Elsasser model. In  C26l Tiwar i  has 
shown t h a t  the Elsasser as we l l  as random band model formulat ions f o r  the 
t o t a l  band absorptance reduce t o  Eq. ( 2 . 7 )  f o r  t 2 1. 
Band absorptance r e s u l t s  o f  var ious co r re la t i ons  are compared and 
discussed i n  some d e t a i l  i n  [25, 26, 411. It was found t h a t  r e s u l t s  o f  these 
c o r r e l a t i o n s  could be i n  e r r o r  by as much as 40% when compared w i t h  the exac t  
so lu t i ons  based on d i f f e r e n t  band models. Felske and T ien 's  c o r r e l a t i o n  was 
found t o  g ive  the l e a s t  e r r o r  when compared w i t h  the exact  so lu t i on  based on 
the general s t a t i s t i c a l  model wh i l e  Tien and Lowder's c o r r e l a t i o n  gave the 
l e a s t  e r r o r  when compared w i t h  the exact  s o l u t i o n  based on the Elsasser model. 
The r e s u l t s  o f  Cess and T i w a r i ' s  co r re la t i ons  fo l lowed the t rend o f  general 
s t a t i s t i c a l  model. T iwar i  and Ba tk i ' s  c o r r e l a t i o n  [Eq. 2.6 or  2.71 was found 
t o  prov ide a un i formly b e t t e r  approximation f o r  the t o t a l  band absorptance a t  
r e l a t i v e l y  h igh pressures. The so le mot iva t ion  i n  present ing the var ious 
c o r r e l a t i o n s  here i s  t o  see i f  t h e i r  use i n  ac tua l  r a d i a t i v e  processes made 
any s i g n i f i c a n t  d i f f e rence  i n  the f i n a l  resu l t s .  
I n  reference 41, use o f  several continuous co r re la t i ons  f o r  t o t a l  band 
absorptance was made t o  two problems t o  i nves t i ga te  t h e i r  in f luence on the 
f i n a l  r e s u l t s  o f  ac tua l  r a d i a t i v e  processes. For the case o f  r a d i a t i v e  
t r a n s f e r  i n  a gas w i t h  i n t e r n a l  heat source, i t  was found t h a t  actua l  center-  
l i n e  temperature r e s u l t s  obtained by us ing the d i f f e r e n t  co r re la t i ons  f o l l o w  
the same general t rend as the r e s u l t s  of t o t a l  band absorptance by these 
cor re la t ions .  From these resu l t s ,  i t  may be concluded t h a t  .use o f  the Tien 
and Lowder's c o r r e l a t i o n  should be avoided a t  lower pressures, b u t  i t s  use i s  
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justified ( a t  moderate and h i g h  pressures) to gases whose spectral behavior 
can be described by the regular Elasasser band model. For a l l  pressures and 
p a t h  length conditions, use of the Cess and Tiwari's correlations could be 
made t o  gases w i t h  bands of h ighly  overlapping lines. In a more realistic 
problem i n v o l v i n g  flow of an absorbing emitting gas, results of different 
correlations (except the Tien and Lowder's correlation) differ from each other 
by less t h a n  6% for a l l  pressures and p a t h  lengths. Use of Tien and Lowder's 
correlations is justified for gases l ike CO a t  moderate and h i g h  pressures. 
For gases like COz,  use of any other correlation i s  recommended. While Felske 
and Tien's correlation i s  useful for a l l  pressures and p a t h  lengths t o  gases 
having random band structure. Tiwari and Batki's simple correlation could be 
employed t o  gases w i t h  regular or random band structure b u t  for P 2 1.0 atm. 
3. RADIATIVE FLUX EQUATIONS 
For many engineering and astrophysical applications, the radiative 
transfer equations are formulated for  one-dimensional planar systems ( F i g .  
3 . 1 ) .  For diffuse boundaries and i n  the abscence 
for the radiative f l u x  and its derivative are given 
of scattering, expressions 
as [81 
and 
9a 
Figure 3.1 Plane radiating layer between parallel  boundaries. 
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where 
(3.3a) 
(3.3b) 
I n  the preceding equations, En( t )  a re  the exponent ia l  i n t e g r a l  funct ions,  and 
T, and z~, represent  the o p t i c a l  coordinate and o p t i c a l  path, respec t ive ly .  
The q u a n t i t i t e s  represent  the spec t ra l  surface r a d i o s i t i e s  and 
for  non re f l ec t i ng  surfaces, Bl, = el, = E~,, ebl, etc.  Thus, f o r  non- 
r e f l e c t i n g  boundaries, Eqs. (3.1) and (3.2) a re  expressed i n  terms o f  the wave 
number as (see Appendix A) 
BIA and B2, 
and 
where 
F l w ( t )  = e w ( t )  - elw; F2w(t )  = e w ( t )  - e2w 
Equations (3.4) and (3.5) are the general equations f o r  one-dimensional 
absorbing-emi t t i n g  medium w i t h  d i f f u s e  non- re f lec t ing  boundaries. For nongray 
analyses, i t  i s  o f ten  convenient t o  rep lace the exponent ia l  i n t e g r a l s  by 
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a p p r o p r i a t e  exponent ia l  func t ions  C6, 81. Upon employing the exponential 
kernal approximation C81 
Eqs. (3.4) and (3.5) are expressed i n  phys ica l  coord ina ta t e s  a s  
(3.7) 2 
L 
Y 
9 
+ FZw(z) k w  expC- k w  ( z -y ) ldz  
where z i s  a dummy v a r i a b l e  for y. However, by d i f f e r e n t i a t i n g  Eq. (3.6) 
d i r e c t l y ,  there is obta ined  
dqRU 3 - -r = - 7 kw CFlw(Y) + F2w(y)I  
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The s l i g h t  d i f f e rence  i n  Eqs. (3.7) and (3.8) should be noted, This i s  a 
consequence o f  using the exponential kernal  approximation. I f  one has t o  make 
a dec is ion as which equation to use, i t  i s  recommended to use Eq. (3.81, 
The t o t a l  band absorptance, as given by Eq. (2.21, can be expressed i n  a 
s l i g h t l y  d i f f e r e n t  form as 
where both kw and w have u n i t s  o f  cm"'. D i f f e r e n t i a t i o n  o f  Eq. (3.9a) gives 
aD 
(3.9b) -2 A ' (y )  = .f k w  exp(- k w  y )  dw - cm 
0 
and 
W 
(3.9c) -3 A"(y) = - k t  exp(- k w  y) dw - cm 
0 
Equations (3.9) are employed t o  express Eqs. (3.6) and (3.8) i n  terms o f  the 
band absorptance. 
The t o t a l  r a d i a t i v e  f l u x  i s  given by 
such t h a t  
(3.10) 
(3.11) 
13 
Upon subs t i t u t i ng  Eq. (3.6) i n t o  Eq. (3.10) and Eq. (3.8) i n t o  Eq. (3.11) 
there i s  obtained f o r  a mult iband gaseous system 
qR(y) = el - e2 
3 L 
Y 
- FZwi(z) kwi expC- 'z kwi(z-y)ldz)dwi (3.12) 
(3.13) 
I t  should be pointed o u t  t h a t  the fo l low ing  r e l a t i o n s  have been used i n  
obta in ing Eqs. (3.12) and (3.13) 
a0 0 
I elw dw = el; .f eZw dw = e2 
0 0 
where n represents the number o f  bands i n  a mult iband system. 
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By u t l i z i n g  the d e f i n i t i o n s  of the band absorptance and i t s  de r i va t i ves  
as given by Eqs. (3.9) and eva lua t ing  the value of the Planck func t ion  a t  the 
center o f  each band, Eqs. (3.12) an4 (3.13) are expressed as 
(3.14) 
(3.15) 
where woi represents the center o f  the i t h  band. 
Equations (3.14) and (3.15) a re  i n  proper form f o r  ob ta in ing  the nongray 
so lu t ions  o f  molecular species. However, i n  order t o  be able to  use the band 
model cor re la t ions ,  these equations must be transformed i n  terms of the 
c o r r e l a t i o n  quanti  t i e s  defined i n  Eq. (2.4) The fo l l ow ing  quanti  t ies ,  
therefore, are needed f o r  the transforma t i o n  
U = (S/Ao) py; u0 = (S/Ao) PL; PS = k w  dw 
AlA 
(3.16) 
Now, by using the d e f i n i t i o n  A' = A / A o ,  Eq. (3.9b) i s  w r i t t e n  a s  
15 
Thus, 
(3.17a 
The dimensions o f  both sides i n  Eqs. (3.17a) and (3.17b) agree w i th  the 
dimensions given i n  Eqs. (3.9b) and ( 3 . 9 ~ ) .  By employing the d e f i n i t i o n s  of 
Eqs. (3.16) and (3.171, Eqs. (3.14) and (3.15) are expressed as 
(3.18) 
(3.191 
where u' i s  the dummy var iab le  f o r  u and x ' ( u )  = dx/du. It should be noted 
t h a t  Flu and FZu i n  Eqs. (3.18) and (3.19) represent the values o f  
i i 
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Flu and F2w a t  the center o f  the i t h  band, and dqR/dy = (dqR/du)(du/dy) = 
cp S(T)/Aol (dqR/dU). 
By de f in ing  the new independent var iab les  as 
5 = u/uo = y/L; 5' = u ' /uo = z/L 
Eqs. (3.18) and (3.19) can be expressed as 
5 
{.f F ( 5 ' )  x i  uoi(5-5')1d5' 3 n  
IWi  
0 
+ 'Z Aoi 'oi i =1 
(3.20) 
(3.21) 
(3.22) 
where again ' i ' (u)  dentoes the d e r i v a t i v e  o f  A(u) w i t h  respect  t o  u, and 
dqR/du = (dqR/dC) (dS/dU) = ( l /Uo)  (dqR/d<). 
Equations (3.18) through (3.22) a l low us t o  make use o f  the band model 
co r re la t i ons  for the wide-band absorptance because these co r re la t i ons  are  
expressed i n  terms o f  u and 8. However, i t  i s  o f ten  des i rab le and 
convenient t o  express the r e l a t i o n s  f o r  qR and d i v  qR which on ly  i nvo lve  
i ( u )  and x ' ( u )  b u t  n o t  i " ( u ) .  This i s  accomplished by i n t e g r a t i n g  the 
17 
i n t e g r a l s  i n  the expres s ions  f o r  qR and d i v  qR by parts. T h i s  results i n  
s imp le r  i n t e g r a l s .  Upon performing the i n t e g r a t i o n  by p a r t s  on the i n t e g r a l s  
i n  Eqs. (3.21) and (3.221, the e q u a t i o n s  can be expressed i n  a l ternate  forms 
a s  ( see  Appendix B) 
n 5 
+ Aoi {( [dew ( E . '  ) / d F ' I  Bi [+ uoi (5-E.' 1 d5' 
i=l 0 i 
(3.23) 
I t  should be noted t h a t  Eq. (3.24) can be ob ta ined  d i r e c t l y  by d i f f e r e n t i a t i n g  
Eq. (3.23) w i t h  respect t o  5 us ing  the L e i b n i t z  formula. This  is shown i n  
Appendix B.  
E q ~ a t i o n s ( 3 . 2 1 ) ~  (3.231, and (3.24) are the most convenient equa t ions  to  
use when employing the band-model c o r r e l a t i o n s  i n  r a d i a t i v e  transfer ana lyses .  
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4. BASIC FORMULATION FOR TRANSIENT PROCESSES 
The i n t e r a c t i o n  o f  r a d i a t i o n  i n  t rans- ient  t rans fe r  processes has received 
very l i t t l e  a t t e n t i o n  i n  the l i t e r a t u r e .  Yet, the t rans ien t  approach appears 
t o  be the l o g i c a l  way o f  formulat ing a problem i n  general sense fo r -  e legant  
numerical and computational so lu t ions.  The steady-state so lu t ions  can be 
obtained as l i m i t i n g  so lu t ions  f o r  la rge  times. 
A few studies ava i l ab le  on r a d i a t i v e  inerac t ions  reveal t h a t  the 
t r a n s i e n t  behavior o f  a phys ica l  system can be in f luenced s i g n i f i c a n t l y  i n  the 
presence o f  r a d i a t i o n  C42-451. L ick  inves t iga ted  the t rans ien t  energy 
t rans fe r  by r a d i a t i o n  and conduction through a semi - f in i te  medium C421. A 
kernal s u b s t i t u t i o n  technique was used t o  ob ta in  a n a l y t i c  so lu t ions  and 
d isp lay  the main features and parameters o f  the poblem. Doornink and Hering 
studied the t rans ien t  r a d i a t i v e  t rans fe r  i n  a s ta t ionary  plane layer  o f  a 
nonconducting medium bounded by black w a l l s  C431. A rectangular Milne- 
Eddington type r e l a t i o n  was used t o  describe the frequency dependence o f  the 
absorpt ion coe f f i c i en t .  It was found t h a t  the coo l ing  o f  the layer  i n i t i a l l y  
a t  a uniform temperature i s  s t rong ly  dependent on the absorption c o e f f i c i e n t  
model employed. Larson and Viskanta inves t iga ted  the problem o f  t rans ien t  
combined laminar f ree  convection and r a d i a t i o n  i n  a rectangular enclosure 
1441. It was demonstrated t h a t  the r a d i a t i o n  dominates the heat t rans fe r  i n  
the enclosure and a1 t e r s  the convective f low pat te rns  s i g n i f i c a n t l y .  The 
t r a n s i e n t  heat exchange between a r a d i a t i o n  p l a t e  and a high-temperature gas 
f low was inves t iga ted  by Melnikov and Sukhovich C451. Only the r a d i a t i v e  
i n t e r a c t i o n  from the p l a t e  was considered; the gas was t rea ted  as a non- 
p a r t i c i p a t i n g  medium. It was proved t h a t  the surface temperature i s  a 
f unc t i on  o f  time and o f  l ong i tud ina l  coordinate. 
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The ob jec t ive  of this s t u d y  
r a d i a t i o n  i n  t r a n s i e n t  t r a n s f e r  
i s  t o  investigate the i n t e r a c t i o n  of nongray 
processes  i n  a general  sense. Attent ion,  
however, will be directed f i r s t  t o  a simple problem o f  the transient r a d i a t i v e  
exchange between two p a r a l l e l  plates. In subsequent studies, the present 
analysis and numerical techniques will be extended to  include the flow o f  
homogeneous, nonhomogeneous, and chemically r e a c t i n g  species i n  one- and 
mu1 ti -dimensional sy s terns. 
The physical model considered f o r  the present s tudy i s  the t r a n s i e n t  
energy t r a n s f e r  by r a d i a t i o n  i n  absorbing-emi t t i n g  gases bounded by two 
p a r a l l e l  gray plates (Fig.  4.1). In genera l ,  T1 and T2 can be a funct ion o f  
time and pos i t ion  and there may exist an i n i t i a l  temperature d i s t r i b u t i o n  i n  
the gas. I t  is assumed t h a t  the r a d i a t i v e  energy t r a n s f e r  i n  the a x i a l  
d i r e c t i o n  is n e g l i g i b l e  i n  comparison t o  t h a t  i n  the normal d i r e c t i o n .  
For r a d i a t i o n  p a r t i c i p a t i n g  medium, the equat ions  expressing conservat ion 
of mass and momentum remain una l te red ,  while the conservat ion of energy, i n  
genera l ,  is  expressed a s  C81 
DP cp TiT D  = d i v  ( k  grad T) + j3T + p 4 - d i v  qR (4.1) 
where j3 i s  the c o e f f i c i e n t  of  thermal expansion of  the f l u i d  and @ is  the 
Rayleigh d i s s i p a t i o n  funct ion.  For a semi-infini te medium capable o f  
t r a n s f e r r i n g  energy only by r a d i a t i o n  and conduction, Eq.  (4.1) reduces to  
(4.2) 
where q is  the sum of the conductive heat f l u x  
radiative f l u x  qR. 
energy t r a n s f e r ,  the energy equat ion can  be written a s  
qc = - k (aT/ay) and the 
For the physical  model where r a d i a t i o n  is the only mode o f  
J9a 
tiy ! l  
, /I/ , ,/!,  , , , / / , {//, , , / / / / / /, / / , , , , -X 
Figure 4.1 Physical model and coord ina te  system. 
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(4.3) 
Use o f  t h i s  s i m p l i f i e d  equation i s  made t o  inves t iga te  the t r a n s i e n t  behavior 
o f  a r a d i a t i o n  p a r t i c i p a t i n g  medium. 
As pointed o u t  i n  the previous sect ion (Sec. 31, Eqs. (3.21) and (3.23) 
are convenient equations f o r  the r a d i a t i v e  f lux.  Equations (3.22) and (3.24) 
a re  two expresssions f o r  the d i v  qR(y), b u t  Eq. (3.24) i s  prefer red because i t  
only  invo lves the f i r s t  d e r i v a t i v e  o f  a and avoids s i n g u l a r i t i e s  i n  the 
la rge  path length l i m i t .  
Upon de f in ing  nondimensional r a d i a t i v e  heat f l u x  by 
(4.4) 
Eq. (3.21) can be w r i t t e n  a s  
where 
Equation (4.5) provides the general expression f o r  the r a d i a t i v e  f l u x  i n  the 
nondimensional form. A s i m i l a r  nondimensional form can be obtained a lso  from 
Eq. (3.23). 
By def in ing 4 ( E s t )  = T(S,t)/To w i t h  To represent ing some constant 
reference temperature, Eqs. (4.3) and (3.24) can be combined to  y i e l d  the 
energy equation i n  nondimensional form as 
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where 
The time t t n  Eq. (4.6) i s  def ined as t* = t/t, w i t h  t, represent ing some 
c h a r a c t e r i s t i c  time scale o f  the physical  problem; however, f o r  the sake o f  
convenience, the a s t e r i s k  i s  l e f t  o u t  here a s  we l l  as i n  fur ther  developments. 
From the d e f i n i t i o n s  o f  i t  should be noted t h a t  Eq. 
(4.6) i s  a nonl inear equation i n  T(5,t). Equation (4.61, therefore,  
represents a general case o f  the t r a n s i e n t  energy by r a d i a t i o n  between two 
s e m i - i n f i n i t e  p a r a l l e l  p lates.  A s i m i l a r  expression can be obtained a lso  by 
combining Eqs. (4.3) and (3.22). 
$(5,t) and J?,,(E,t), 
5 .  A SPECIAL CASE OF TRANSIENT INTERACTION 
As a special  case, i t  i s  assumed t h a t  the e n t i r e  system i n i t i a l l y  i s  a t  
the f i x e d  (reference) temperature To. For a l l  time, the temperature o f  the 
upper p l a t e  i s  maintained a t  the constant temperature equal t o  the reference 
temperature, i.e., T2 = To. The temperature o f  the lower p l a t e  i s  suddenly 
decreased t o  a lower b u t  constant temperture, +.e., TI Tz. The problem, 
therefore, i s  t o  inves t iga te  the t r a n s i e n t  coo l ing  r a t e  o f  the gas f o r  a step 
change i n  temperature o f  the lower p la te.  
Since small temperature d i f fe rences  have been assumed and the absorpt ion 
c o e f f i c i e n t  has been taken as independent o f  temperature one may comploy 
a d d i t i o n a l l y  the l i n e a r i z a t i o n ,  
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where again the subscr ip t  i r e f e r s  t o  the i t h  band such t h a t  i s  the wave 
number l oca t i on  o f  the band and Tw represents the temperature o f  the reference 
wa l l  which cou!d bo e f t h e r  T1 o r  T2. For the special case considered, since 
we are i n te res ted  i n  i n v e s t i g a t i n g  the t rans ien t  behavior of the gas because 
o f  a step change i n  temperature o f  the lower plate, Tw i s  taken t o  be equal t o  
wi 
Ti. Thus, 
.(O,t) = (d  eWi/dT) (T-T1) ( L t )  - eWl 
T1 
(5.2a) 
Note t h a t  Eq. ( 5 . 2 ~ )  i s  obtained by subt rac t ing  Eq. (5.2b) from Eq. (5.23). 
A1 so, f o r  l i n e a r i z e d  rad ia t ion ,  
T4 = 4 $ T - 3 ( 
Thus, el = a T1 4 , e2 = cr T: = a ( 4  T; T2 - 3 T:) 
3 el - e2 = 4 a TI (Tl- T2). 
It should be pointed o u t  t h a t  f o r  a single-band gas, the l i n e a r i z a t i o n  i s  
(5.3) 
such t h a t  
no t  requ i red  because the temperature d i s t r i b u t i o n  can be obtained e i t h e r  by 
combining Eqs. (3.22) and (4.3) or  from Eq. (4.6) and the r a d i a t i v e  heat f l u x  
can be ca lcu la ted  from Eqs. (3.211, (3.23), o r  (4.5). However, f o r  the case 
o f  mult iband gases and f o r  systems i n v o l v i n g  mixtures o f  gases, i t  i s  
convenient t o  employ the  l i n e a r i z a t i o n  procedure i n  order t o  use the 
in fo rmat ion  on band model cor re la t ions .  The fo l l ow ing  d e f i n i t i o n  are useful 
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i n  expressing the governing equations i n  l i n e a r i z e d  forms: 
0 = (T-T1J/(T2-T11 
where HI, K1, N 1  and M 1  represent the values o f  H, K, N and M evaluated a t  the 
temperature TI. As explained i n  Refs. 8 and 23, these q u a n t i t i e s  represent 
the proper t ies  of the gaseous medium. 
By employing the d e f i n i t i o n s  o f  Eqs. (5.2) - (5.41, r e l a t i o n s  f o r  the 
r a d i a t i v e  f lux,  as given by Eqs. (3.21) and (3.231, are expressed as 
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Thus, the expressions f o r  the heat f l u x  a t  the lower wa l l  are given by 
I t  should be pointed o u t  t h a t  Eqs. (5.5a) and (5.6a) a re  convenient forms for 
the o p t i c a l l y  t h i n  and general so lu t ions  whi le  Eqs. (5.5b) and (5.6b) are 
usefu l  f o r  so lu t ions  i n  the la rge  path length  l i m i t .  Once the so lut ions f o r  
are known from the energy equation, the appropr iate r e l a t i o n s  for  the e(E,t) 
heat f l u x  can be obtained from Eqs. (5.5) and (5.6). 
By employing the d e f i n i t i o n s  of Eqs. (5.2) - (5.41, a combination o f  
Eqs. (3.22) and (4.3) provides one form o f  the energy equation and Eq. (4.6) 
i s  transformed t o  obta in  another form; these are expressed as 
and 
The i n i t i a l  and boundary condi t ions f o r  Eq. (5.7) are spec i f ied  as 
The parameters i n  Eq. (5.7) are N 1  and uo. For a given gas, the parameters 
a re  the gas pressure and the temperature o f  the lower wal l .  Equation (5.7hl 
i s  the convenient form f o r  so lut ions i n  the la rge  path length  l i m i t .  
6. METHOD OF SOLUTIONS 
For the general case, the' temperature d i s t r i b u t i o n  i s  obtained from the 
s o l u t i o n  o f  the energy equation, Eqs. (5.7). Once e(5,t) i s  known, the 
r a d i a t i v e  heat f l u x  i s  ca lcu lated by using the appropr iate form of Eq. (5.6). 
Before discussing the so lu t ion  procedure f o r  the general case, however, i t  i s  
des i rab le t o  obta in  the l i m i t i n g  forms o f  Eqs. (5.5) and (5.7) i n  the 
o p t i c a l l y  t h i n  and la rge  path length l i m i t s  and inves t iga te  the so lut ions o f  
r e s u l t i n g  equations. 
6.1 O p t i c a l l y  Thin L i m i t  
I n  the o p t i c a l l y  t h i n  l i m i t  C8, 231, A(u), = us w'(u) = 1, and 
i " ( u )  = 0. In t h i s  l i m i t ,  therefore, Eq. (5.7a) reduces t o  
(6.la) 
From an examination o f  Eq, (6.la) a long w i t h  the d e f i n i t i o n s  given i n  Eq. 
(5.41, i t  i s  e v i d i e n t  t h a t  i n  the o p t i c a l l y  t h i n  l i m i t  the temperature d i s t r i -  
b u t i o n  i n  the medium i s  independent o f  the 5- coordinate. This i s  a 
c h a r a t e r i s t i c  o f  the o p t i c a l l y  t h i n  r a d i a t i o n  C8, 231. Thus, Eq. (6. la) can 
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be w r i t t e n  as 
(6.lb) 
Since gas proper t ies  are evaluated a t  known reference condit ions, N1 i s  
e s s e n t i a l l y  constant, and so lu t i on  o f  Eq. (6.lb) i s  found t o  be 
e ( t )  =+[l + exp(- 3 Nlt)l (6.2) 
I n  the o p t i c a l l y  t h i n  l i m i t ,  Eq. (5.7b) reduces t o  
A d i f f e r e n t i a t i o n  o f  Eq. (6.3a) w i t h  respect  t o  5 (by using the L e i b n i t z ' s  
r u l e )  r e s u l t s  i n  
or 
The constant o f  i n t e g r a t i o n  C ( t )  i s  evaluated through the combination o f  Eqs. 
A subs t i t u t i on  o f  t h i s  i n  (5.8) and (6.3a) and i s  found t o  be 
Eq. ( 6 . 3 ~ )  gives Eq. (6.la) for  which the so lu t i on  i s  given by Eq. (6.2). 
3 C ( t )  = '2 N1. 
Thus, as would be expected, both general forms of the energy equation reduce 
t o  the same equation i n  the o p t i c a l l y  t h i n  l i m i t .  
I n  the o p t i c a l l y  t h i n  l i m i t  Eqs. (5.5a) and (5.5b) respec t ive ly  reduce t o  
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Through i n t e g r a t i o n  by parts, i t  can be shown that  Eq. (6.4b) reproduces Eq. 
(6 .4a) .  By not ing  that ,  i n  the o p t i c a l l y  t h i n  limit, e ( f , t )  = e ( t ) ,  Eqs. 
(6.4) can be expressed a s  
I t  should be pointed o u t  t ha t  Eq. (6.5) can be obtained d i r e c t l y  from Eq.  
(6.4b) wi thout  performing the i n e g r a t i o n  by p a r t s .  The h e a t  t r a n s f e r  from the 
lower su r face  i n  the o p t i c a l l y  t h i n  limit, t h e r e f o r e ,  i s  g iven  by 
The result of Eq. (6.6) can be obta ined  d i r e c t l y  by le t t ing E = 0 i n  either 
of Eqs. (6 .4) .  The r e l a t i o n  f o r  0 ( t )  i n  Eq. (6.6) i s  obta ined  from Eq. 
(6.2).  Thus ,  eva lua t ion  of the temperature  d i s t r i b u t i o n  and r a d i a t i v e  h e a t  
f l u x  i n  the o p t i c a l l y  t h i n  limit does no t  r e q u i r e  numerical s o l u t i o n s .  
6.2 Large Path Length L i m i t  
In the l a r g e  p a t h  l e n g t h  limit (i.e.,  f o r  uoi  >> 1 f o r  each band),  one 
h(u) = R n ( u ) ,  h ' ( u )  = l / u ,  and A " ( u )  = - 1 / u 2  Thus,  i n  the has 
l a r g e  p a t h  l e n g t h  limit, Eq. (5.7a) reduces  t o  
C8, 231. 
I t  should be noted t h a t  for any f ixed  value T1 and a g iven  gas, lill and M 1  a r e  
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constants; but, @ ( E s t )  does depend on E .  For a given gas and w i t h  known 
values o f  T2 and t,, the so lu t i on  o f  Eq. (6.7a) can be obtained by spec i fy ing  
TI. Equation (6.7a) invo lves s ingu la r  i n t e g r a l s  w i t h  Cauchy type kernals and, 
therefore, a closed form so lu t i on  does n o t  appear to be possible; numerical 
so lu t ions,  however, can be obtained by the v a r i a t i o n  o f  parameter technique. 
Because o f  the s ingu la r  nature o f  i n teg ra l s ,  Eq. (6.7a) i s  n o t  a convenient 
equation f o r  the l a rge  path length  l i m i t  so lu t ions.  
I n  the la rge  path length  l i m i t ,  Eq. (5.7b) reduces t o  
Equation (6.7b) i s  a convenient form f o r  s o l u t i o n  i n  the l a rge  path length  
l i m i t .  An a n a l y t i c a l  so lu t i on  o f  Eq. (6.7b) may be possible, bu t  numerical 
s o l u t i o n  can be obtained q u i t e  eas i l y .  
I n  the l a rge  path length  l i m i t ,  Eqs. (5.5a) and (5.5b) reduce 
respec t ive ly  t o  
and 
The expressions f o r  dimensionless r a d i a t i v e  heat f l u x  from o r  t o  the wa l l  
are obtained by s e t t i n g  5 = 0 i n  Eqs. (6.8) as 
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T h u s ,  once the temperature  d i s t r i b u t i o n  i s  known from so lu tu ions  of Eq. (6.71, 
the wall  heat f l u x  can be c a l c u l a t e d  by using the corresponding form of Eqs. 
(6.9) .  
6.3 Numerical S o l u t i o n s  o f  Governing Equations 
General s o l u t i o n s  of Eqs. (5.7a) and (5.7b) a r e  obtained numerical ly  by 
employing the method o f  v a r i a t i o n  of parameters.  For this, a polynomial form 
f o r  e (5 , t )  i s  assumed i n  powers of  5 w i t h  time dependent c o e f f i c i e n t s  a s  
(6.10) 
By cons ider ing  only the q u a d r a t i c  s o l u t i o n  i n  5, and s a t i s f y i n g  the boundary 
cond i t ions  of Eq. (5.81, one f i n d s  
where g ( t )  represents the time dependent c o e f f i c i e n t .  
o f  Eqs. (5.8) and (6.11) y i e l d s  the result 
A t  t = 0, a combination 
Also, from Eq. (6.11) there i s  obta ined  
(6.13) 
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and 
ae(S9t) = 2 5 + g ( t )  (1-2S) (6.14) aS 
Equations (6.11) - (6.14) are employed t o  obta in  s p e c i f i c  so lu t ions  o f  Eqs. 
(5.5) and (5.7). 
By s u b s t i t u t i n g  Eqs. (6.11) and (6.13) i n  Eq. (5.7a), there i s  obtained 
where the i n t e g r a l  funct ions G1(S) and G2(E) are def ined i n  Appendix C. The 
s o l u t i o n  o f  Eq. (6.15) i s  given by 
(6.16a) 
Since a t  t = 0, g ( t )  = g(O), then c = g(0) - G2(S)/G1(S). 
becomes 
Thus, Eq. (6.16a) 
where g(0)  i s  given by Eq. (6.12). The i n t e g r a l s  i n  funct ions G1(S) and 
can be evaluated e a s i l y  by numerical means, a f t e r  s u b s t i t u t i n g  the G2(5) 
r e l a t i o n  f o r  8' ' (u) .  
A s u b s t i t u t i o n  o f  Eqs. (6.11)* (6.13) and (6.14) i n t o  Eq. (5.7b) r e s u l t s  
i n  
where the integra' l  funct ions GJ(S) and G4(S) are def ined i n  Appendix C. The 
s o l u t i o n  o f  Eq. (6.17) i s  found to be 
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where again g(0) i s  given by Eq. (6.12). 
The so lut ions o f  Eqs. (5.7a) and (5.7b) can be expressed i n  a convenient 
form as 
(6.19) 
I n  Eq. (6.191, gl(t) i s  given by Eq. (6.16b) and i s  used f o r  the so lu t ion  o f  
Eq. (5.7a) and g 2 ( t )  i s  given by Eq. (6.18) and i s  used i n  obta in ing the 
s o l u t i o n  o f  Eq. (5.7b). The both approach should r e s u l t  i n  the same f i n a l  
so l  u t ion.  
For the steady s ta te  case, the s o l u t i o n  again i s  given by Eq. (6.191, b u t  
functions g1( t )  and g2( t )  are no longer a func t ion  o f  time and are given by 
The so lu t ions  for  the steady case are a v a i l a b l e  i n  the l i t e r a t u r e  and are  
useful  i n  comparing the r e s u l t s  o f  t h i s  study i n  the l i m i t  o f  t -+ =. 
The expressions f o r  the nondimensional r a d i a t i v e  f l u x  are obtained from a 
combination o f  Eqs. (5.51, (6.11) and (6.14) such t h a t  
and 
where G5(S) through G8(Z) are def ined i n  Appendix C, and q 1 ( t )  and q z ( t )  
a r e  given respec t ive ly  by Eqs. (6.16b) and 6.18). Consequently, the 
expressions f o r  the r a d i a t i v e  heat f l u x  a t  the lower wal l  are obtained as 
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and 
where Gg through 612 are def ined i n  Appendix C and are n o t  func t ion  o f  
It should be noted t h a t  the so lu t ions  presented i n  Eqs. (6.21) and (6.22) 
5. 
r e q u i r e  the s o l u t i o n  o f  the energy equation as given by Eqs. (6.19) 
6.4 Numerical Solut ions o f  Large Path Length Equations 
As mentioned e a r l i e r ,  Eqs. (6.7b), (6.8b) and (6.9b) are the most appro- 
p r i a t e  equations t o  use i n  the la rge  path length l i m i t .  However, numerical 
procedure i s  presented for  both forms o f  the energy and r a d i a t i v e  f l u x  
equations. Once again Eqs. (6.11) through (6.14) provide the basis f o r  
numerical so lu t ions a lso  i n  the la rge  path length l i m i t .  For t h i s  l i m i t ,  the 
s o l u t i o n  given by Eq. (6.19) i s  expressed as 
(6.23) 
where g 3 ( t )  i s  used f o r  the s o l u t i o n  o f  Eq. (6.7a) and g4( t )  f o r  Eq. (6.76). 
A s u b s t i t u t i o n  o f  Eq. (6.23) i n t o  Eq. (6.7a) r e s u l t s  i n  
where i n t e g r a l  functions G13(5) and G14(5) are def ined i n  Appendix C. The 
s o l u t i o n  of Eq. (6.24) i s  found t o  be 
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where g(0) i s  defined again by Eq. (6.12). Equation (6.23) along w i t h  Eq. 
(6.25) provides the so lu t i on  o f  the energy equation, Eq. (6.7a). 
A combination o f  Eqs. (6.23) and (6.7b) r e s u l t s  i n  
(6.26) 
The i n t e g r a l  funct ins 
i n  Appendix C. 
Gl5(5) and G16(8) appearing i n  Eq. (6.26) are def ined 
These, however, can be evaluated e a s i l y  w i t h  the r e s u l t s  
The so lu t i on  o f  
g 4 ( t )  = cg 
(6.27b) 
(6.28) 
where again g(0) i s  defined by Eq. (6.12). A combination of Eqs. (6.231, 
(6.27) and (6.28) provides the s o l u t i o n  o f  the energy equation, Eq. (6.7b). 
The only  parameter appearing i n  the so lu t i on  o f  Eq. (6.7b) i-s MI. 
The expessions f o r  the nondimensional heat f l u x  i n  t h i s  case i s  obtained 
from a combination o f  Eqs. (6.8) and (6.23) as 
where G17(5) through G2,(5) are defined i n  Appendix C and can be evaluated 
i n  closed forms. The corresponding expressions f o r  the r a d i a t i v e  heat f l u x  a t  
the lower wa l l  are found from Eqs. (6.9) and (6.23) as 
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and Q(0s t )  = 1 - 623 g 4 ( t )  - 624 (6.30b 1 
where again G21 through 624 are defined i n  Appendix C and are not functions of  
5. 
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7. RADIATIVE INTERACTION I N  LAiV1IIIAR FLOWS 
The physical  system considered i s  t h e  energy t r a n s f e r  i n  laminar, i n -  
compressible, constant propert ies,  fu l ly-developed f low o f  absorbing-emit- 
t i n g  gases between p a r a l l e l  p la tes  (Fig. 7.1). 
surface heat f l u x  f o r  each p l a t e  i s  assumed such'that t h e  temperature o f  t h e  
p la tes var ies i n  t h e  ax ia l  d i r e c t i o n .  
considered, and a x i a l  conduction and r a d i a t i o n  i s  assumed t o  be n e g l i g i b l e  
as compared w i th  t h e  normal components. Consistent w i t h  the  constant prop- 
e r t i e s  flow, t h e  absorption c o e f f i c i e n t  i s  taken t o  be independent o f  temp- 
erature and r a d i a t i o n  can be l inear ized .  Extensive treatment o f  t h i s  prob- 
lem i s  avai lab le i n  t h e  l i t e r a t u r e  [23, 411. The pr imary mot ivat ion o f  
studying the  problem here i s  t o  inves t iga te  the  extent o f  r a d i a t i v e  i n t e r -  
act ion f o r  h igh temperature f low condi t ions.  
The cond i t ion  o f  uniform 
F u l l y  developed heat t r a n s f e r  i s  
7.1 Basic Formulation 
For the physical  problem considered, the  energy equation, Eq. (4.1), 
can be expressed as [8] 
(7.1) aT aT a2T dP au 2 pC (- + u - + v 2) = k -+ gTu - + JJ(-) -divqR 
P a t  ax aY aY2 dx aY  
where u and v denote x and y components o f  ve loc i ty ,  respect ive ly .  I n  de- 
r i v i n g  Eq. (7.1) i t  has been assumed t h a t  t h e  ne t  conduction heat t r a n s f e r  
i n  the  x d i r e c t i o n  i s  n e g l i g i b l e  compared w i t h  t h e  ne t  conduction i n  t h e  y 
d i rec t ion .  This represents t h e  physical  cond i t ion  o f  a l a r g e  value of t h e  
Peclet number. 
t h e  x d i r e c t i o n  can be neglected i n  comparison t o  t h a t  t rans fer red  i n  t h e  y 
d i rec t ion .  
By an analogous reasoning, the  r a d i a t i v e  heat t r a n s f e r  i n  
If, i n  addi t ion,  i t  i s  assumed t h a t  t h e  Eckert number o f  t h e  
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f l o w  i s  small, then Eq. (7.1) reduces t o  [8] 
(7.2) 
where a = (k/pC ) represents the  thermal d i f f u s i v i t y  of t he  f l u i d .  
P 
For a steady ful ly-developed flow, v = 0, and u i s  given by t h e  we l l -  
known parabol ic p r o f i l e  as 
where u,, represents the mean f l u i d  ve loc i t y .  
f e c t  gas w i t h  uniform w a l l  heat f lux,  aT/ax i s  constant and i s  given by 
Also, f o r  the f l ow  o f  a per -  
aT/ax = (2aqw)/(umL/k) (7.4) 
Now, by combining Eqs. (7.2) - (7,4), t h e  energy equation i s  expressed i n  
nondimensional form as 
where 
T =. at /L2 ; e = (T - Tl)/(qwL/k) 
The expression f o r  aqR/aE i n  Eq. (7.5) i s  obtained from e i t h e r  Eq. (3.22) o r  
Eq. (3 .24) .  
BY assuming t h a t  t he  i n i t i a l  temperature d i s t r i b u t i o n  i n  t h e  gas i s  
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some uniform value To = T,, the i n i t i a l  and boundary conditions for  this 
problem can be expressed as 
I t  should  be noted that  a l l  the boundary conditions given i n  Eqs. (7.6) are 
not independent and any two convenient conditions can be used t o  obtain 
solutions. Also, the i n i t i a l  temperature distribution can be any specified 
or calculated value of e(5,  0) = f ( e ) .  
For flow problems, the quantity of primary in te res t  i s  the b u l k  temper- 
ature of the gas, which may be expressed as [41] 
The heat transfer q, i s  given by the expression, qw = hc (T1-Tb) ,  where hc 
i s  the convective heat t ransfer  coefficient (W/cm2-K). In general, the heat 
transfer resu l t s  are expressed i n  terms of the Nusselt number Nu = hc Dh/k. 
Here, Dh represents the hydraulic diameter, and for  the parallel  plate geom- 
e t ry  i t  equals twice the p la te  separation, i.e.,  Dh = 2L. Upon eliminating 
the convective heat transfer coefficient h c  from the expressions for  qw and 
Nu, a relation between the Nusselt number and the b u l k  temperature i s  
obtained as 
Nu = 2 Lq / k ( T  -T ) = -2/eb w 1 b  
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The heat t ransfer  resu l t s ,  therefore, can be expressed either in  terms of Nu 
o r  e b e  
7.1.1 Steady Laminar Flow 
For steady-state conditions, ae /a r  = 0 and Eq. (7.5) becomes 
By integrating Eq.  (7.9) once and u s i n g  the conditions that  a t  5 = 1/2, 
qR(5)  and (de /dg)  are equal t o  zero, one obtains 
The expression for  qR(5) in Eq. (7.10) i s  obtained from ei ther  Eq. (3 .21)  or 
Eq. (3.23.) .  
. T h u s ,  for  hi For the present physical problem, e, = e2 and Flu = i 
the case of linearized radiation, a combination of Eqs. ( 3 . 2 1 ) ,  (5.2a), and 
(7.10) r e su l t s  in 
0 4 - 2 (352 - 253 + 1 
(7 .  l l a )  
A combination of Eqs. ( 3 . 2 3 ) ,  (5.2a), and (7.10) gives an al ternate  form of 
the energy equation fo r  the steady case as 
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e '  - 2(3@ - 253) + 1 
n - 3  
i =1 0 2 
= (L/k) C Hli{/' (deld5')  Ai[- uoi(5-5')] d 6 '  
+ / (de/dS')  xi [? uOi(5'-5)1 d e ' )  1 (7.11b) 
5 2 
Note that  this equation can be obtained d i rec t ly  by integrating t h  l e f t -  
hand s ide of E q .  (7.11a) by parts.  Equations (7.11) provide two forms of 
(7.12) 
the energy equation fo r  the steady-state conditions. 
For the case of negligible radiation, Eqs. (7.11) reduce t o  
e '  = 2 (352 - 253) - 1 
The solution of Eqs. (7.12) i s  found t o  be 
e ( s )  = 5 (2e2-e3-1) (7.13) 
Thus,  a combination of Eqs. (7,'7) and (7.13) gives the resu l t  for the bulk 
temperature for  the steady case w i t h  no radiation as 
- e b  = 17/70 (7.14) 
T h i s  result i s  useful i n  determining the extent o f  radiat ive contributions. 
7.1.2 Tr ansi ent Rad i a t  i ve Inter  act i ons 
For the t ransient  case, a combination of Eqs. (3.22), (5.2a), and (7.5) 
gives the energy equation f o r  the l inearized radiation as 
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- 3Ne - 12  (€,-E2) - 
3 
4 i =1 0 2 
n 
= ?  ( L / k )  E Hliut i{  1' e ( E ' ,  r )  F! [- uoi(E"5')]  d e '  
(7.15a) 
where 
n 
Tl 
N = ( P t 2 l k )  K, = (PL2/k)  c S i ( T )  (de /dT) 
i =1 @i 
Note tha t  t h i s  def ini t ion of N i s  s l i gh t ly  different  than the def ini t ion o f  
N, in E q .  ( 5 . 4 ~ ) .  The dimensionless gas property N characterizes the rela-  
tive importance of radiation versus conduction within the gas under o p t i -  
c a l ly  t h i n  conditions [23, 411. Also, by combining Eqs. (3.24), (5.2a), and 
(7.5) another form of the t ransient  energy equation i s  obtained as 
e - e - 1 2  ( E - @ )  
€,E f 
3 
2 i =1 0 2 
n = - 3 ( L / k )  c H ~ ~ u ~ ~  f , F ( a e / a s 1 )  Xi C- uOi(s-s1)1 
(7.15b) 
Note again tha t  Eq. (7.15b) can be obtained d i r ec t ly  by integrating the 
left-hand s ide  of Eq. (7.15a) by parts.  Quite often, Eq. (7.15b) i s  the 
convenient form t o  use i n  radiat ive t ransfer  analyses. 
For the case of negligible radiation, N = 0 and both forms of Eq. 
(7.15) reduce t o  
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(7.16) e 55 - eT = 1 2  (E-@)  
By employing the product solution procedure, the solution of Eq. (7.16) can 
be obtained and the resu l t  can be expressed i n  terms of the bulk temperature 
through use of Eq. (7.7). 
The solution of E q .  (7.16) i s  assumed t o  be of the form 
From Eqs. (7.16) and (7.17),  there i s  obtained two separate equations as 
g" = 12(5-52) (7.18) 
hEE-hT = 0 (7.19) 
The solution of Eq. (7.18) i s  obtained by direct  integration as 
T h i s  i s  the same resul t  as given by Eq. (7.13) for  the steady case i f  g (5 )  
i s  replaced by e ( 5 ) .  The solution of Eq. (7.19) i s  found t o  be (see Sec. 
7.2) 
(7.21a) 
where 
1 
0 
Cn = - 2 J' g (5)  s in (nn6)  de, n = 1,2, ... 
Thus, the complete s o l u t i o n  o f  Eq. (7.16) i s  given by 
+ c Cn sin ( x )  exp(-a%) ; a = n r  
n =1 
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(7.21b) 
(7.22) 
The expression for Cn is ob ta ined  from Eqs. (7.20) and (7.21b) as 
Cn = (4/as) [12 - 12a2 + a4)  c o s ( a )  - 241 , n = 1 , 2  ,.... (7.23) 
where a i s  def ined i n  Eq. (7.22). By combining Eqs. (7.7) and (7.22),  the 
expres s ion  f o r  the bulk temperature  i s  obtained as 
QD 
= -17/70 + 6 c Cn [ ( U a )  + (4/a3)]  exp (-a2-t) (7.24) 
n=l  
where Cn i s  given by Eq. (7.23).  
7.2 O p t i c a l l y  Thin Limit 
In t h e  o p t i c a l l y  t h i n  l imit ,  the s t e a d y - s t a t e  energy equa t ions ,  Eqs. 
(7.11a) and (7.11b),  reduce t o  
1 
8 '  - 2 ( 3 ~ ~ - 2 ~ ~ )  + 1 = 2 NCJ" e(&") d e '  - e(5') dg ' ]  (7.25a) 
2 0 0 
3 
2 0 
e' - 2 ( 3 5 2 - 2 ~ ~ ) +  1 = - N [J" ( 5 - 5 ' )  (de /dg ' )dg '  
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The different ia t ion of Eqs. (7.25a) and (7.25b) yields  the same energy 
equation fo r  the opt ica l ly  thin l imit  as 
0 "  - 3Ne = 12  ( F - E 2 )  (7.26) 
The solution of Eq. (7.26) sat isfying the boundary conditions e ( 0 , ~ )  = 0 and 
e(1,r)  = 0 i s  found t o  be 
+ (4/N)(C2-E + 2/3N) (7.27a) 
Alternately, the solution of Eq. (7.26) i s  written as  
The constants C1 and 
0 and e ' ( 1 / 2 )  = 0, and the solution f o r  e ( 5 )  i s  found t o  be 
are obtained by u s i n g  the boundary conditions e ( O )  = 
+ 24 - 1 2  m 5 + 12 m 52) (7.27b) 
Equations (7.27a) and (7.27b) should produce identical  resu l t s .  The 
expression f o r  the bulk temperature, i n  this case, i s  obtained by combining 
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Eqs. (7.7) and (7.27b) as 
( 7.28a) 
or 
-1/2 
= [1/(3N)3] {576(3N) (NEXP) - 21.6N2 + 72N - 288) (7.28b) 'b 
where 
112 1 / 2  
NEXP = {l-exp [-(3N) ])/{l + exp[-(3N) 1) 
In the opt ical ly  t h i n  l imi t ,  the t rans ien t  energy equations, Eqs. 
(7.15a) and (7.15b), reduce t o  
0 -8 - 3N0 = 1 2  (C;-E2) ( 7.29 a) 
55: 'c 
0 - 8 - 12(5 - 52) 
55 't 
Note tha t  Eq. (7.29b) i s  identical  t o  Eq. (7.29a). 
The solution o f  Eq. (7.29) i s  assumed t o  be o f  the form 
Thus,  Eq. 
Consequent 
(7.29b) 
(7.30) 
7.29) can be written as 
+ 3Ng + 12(5 - E2) (7.31) 
g5 5 he, - h - 3Nh = - T 
Y, 
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g" - 3Ng = 12(E - E 2 )  (7.32) 
and 
- h  - 3 N h z O  (7.33) hSS T 
The conditions for  Eqs. (7.32) and (7.33) are obtained from Eq. (7.6) as 
The solution of Eq. (7.32) sat isfying the boundary conditions given by 
Eqs. (7.34a) and (7.34b) i s  identical  t o  the solution of Eq. (7.26) as given 
by Eq.  (7.27) i f  € ) ( E )  i s  replaced by g ( c ) ,  i.e., 
The solution of Eq. (7.33) is  obtained by u s i n g  the product solution 
procedure and implying the conditions h(0,r)  = h ( 1 ,  T )  = 0 and h(< ,O)  = 
-g(c). For the product solution, i t  i s  assumed tha t  
By using Eq. (7.36), Eq. (7.33) is  separated into two ordinary d i f fe ren t ia l  
equations which are expressed along w i t h  appropriate conditions as 
F" + A2 F = 0 ; F(0) = 0, F(1) = 0 (7.37) 
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6 + (3N + X 2 )  G = 0 ; h(5,O) = G(0) = g(5) 
The so lu t i on  o f  Eq. (7.37) i s  given by 
F,(E) = s i n  ( m e ) ,  n = 1,2, ... 
and the  so lu t i on  o f  Eq. (7.38) i s  found t o  be 
G,(T) = Cn exp { -  [3N + (n r ) * ]  T) 
Thus, the  complete so lu t i on  o f  Eq. (7.33) is 
m 
h(5 9-c 1 = C C n  s i n  ( n s 5 )  exp {-[3N + ( n ~ ) ~ ] . r )  
n= l  
where 
(7.38) 
(7.39) 
1 
0 
Cn = -2 g(5)  s i n  (nrg)  dg, n = 1,2,... (7.40) 
Now, the  so lu t i on  o f  Eq. (7.29), as expressed by Eq. (7.30), i s  w r i t t e n  as 
~(E,T) = (16/3@) [sinh ( - 6 / 2 ) /  s i n h ( G ) ]  cosh [ 6 ( 5 - 1 / 2 ) ]  
+ (4/N)(E2 - E + 2/3N) 
01 
+ C Cn s i n  (nnS) exp{-[3N + ( n ~ ) ~ ] . r }  
n = l  
(7.41) 
From Eqs. (7.35) and (7.40), i t  follows t h a t  
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c = o  f o r  n even (7.42a) n 
(7.42b) = 3 2 [ 3 N + ( n ~ ) ~ ] / [ 3 N ~ ( n r ) 3 ]  +Z(nr)/{ 3N2[3N+(n~>2]), f o r  n odd 
By combining Eqs. (7.7) and (7.41),  t h e  expres s ion  for t h e  bulk 
temperature  i s  ob ta ined  as 
'b = 6 { (16/3N2)[sinh(-fi/2)/sinh( (%)I[ (1/3N) cosh( 6 / 2 )  
- ( 4  +fi) (3N)-3/2 s i n h ( G / 2 ) ]  + (4/N)[-1/30 + 1/(9N)] 
+ c Cn [l/(nm) + 4 / ( n ~ ) ~ ]  exp[-(3N + n2r2).r]} 
n = l  
(7.43) 
where Cn is  given by Eq. (7.42). 
7.3 Large Path Length Limit  
In t h e  l a r g e  path length limit, t h e  s t e a d y - s t a t e  energy equa t ions ,  Eqs. 
(7.11a) and ( 7 e 1 1 b ) y  reduce t o  
3 
i =1 2 
n 
= (L/k) Hli{J: (de/dE')  an[- uOi(s - 5 ' ) l d ~ '  
(7.44b) 
where 
n 
i =1 
[ 7.44c) 
Tl p1 = HI L/k  = (L/k) Aoi (deui/dT) 
Through i n t e g r a t i o n  by p a r t s ,  i t  can be shown t h a t  Eq. (7.44b) reduces t o  
Eq. (7.44a). The  parameter M i n  Eq. ( 7 . 4 4 ~ )  i s  de f ined  d i f f e r e n t l y  t h a n  M, 
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i n  Eq. (5.4e). The nondimensional parameter M const i tutes  the radiation- 
conduction interaction parameter fo r  the large path length limit [23, 411. 
Equation (7.44a) does not  appear t o  possess a closed form solution; a 
numerican solution, however, can be obtained easily.  
In the large path length l imi t ,  the t ransient  energy equations, Eqs. 
(7.15a) and (7.15b), reduce t o  
- 3Ne - 12 ( E  - E 2 )  - 
1 - e, - 12 (6  - 62) = (H1L/k) I (ae /aE ' )dE ' / (S  - E ' )  (7.45b) e E5 0 
Since l ( ~ - ~ ~ ) ~ l = l ( E ' - E ) ~ l ~  Eq. (7.45a) can be written as 
(7.45c) 
Through integration by parts,  Eq. ( 7 . 4 5 ~ )  can be expressed as 
Equations (7.45a) - (7.45d) represent different forms of the governing equa- 
t ions i n  the large path length l imit .  Wi th  the exception of the term (-3Ne) 
on the left-hand side, Eq. (7.45d) i s  identical t o  Eq.  (7.45b). Since N 
represents the radiation-conduction interaction parameter only i n  the  
opt ical ly  t h i n  l imit  [23], i t  should not appear i n  the governing equation 
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for  the large path length limit. Thus,  Eq. (7.45b) i s  the correct equation 
t o  use for  solution i n  the large path length limit; the solution of this  
equation i s  obtained by nunerical techniques. 
7.4 Method o f  Solution 
The solution procedures fo r  both steady and unsteady cases are pre- 
sented i n  this section. 
t o  both the general and large path length l imit  cases. 
In principle, the same nunerical procedure applies 
7.4.1 Steady-St a te  Sol u t i  ons 
The general solution of Eq. (7.11a) or Eq. (7.11b) i s  obtained numer- 
ica l ly  by employing the method of variation of parameters. For this,. a 
polynomial form for e ( 5 )  i s  assumed i n  powers of 5 as 
(7.46) 
By considering a f ive  term ser ies  solution (a  quartic solution i n  5 )  and 
satisfying the boundary conditions e ( O ) =  e'(1/2) = 0 and e'(0) = - e ' ( l ) ,  
one obtains 
Thus, 
e ' ( 5 )  = a l ( l  - 652 + 453) + a2 (25 - 652 + 453) (7.48) 
A substi tution of Eq. (7.48) i n  Eq. (7.11a) resu l t s  i n  
a l ( 1  - 6@ + 453) + a ~ ( 2 5  - 6c2 + 4c3) - 2(3E2 - 2c3) + 1 
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(7.49) 
where express ions  f o r  e ( { ' )  are obta ined  from Eq. (7.47).  
The two unknown c o n s t a n t s  a l  and a2 i n  Eq. (7.49) a r e  eva lua ted  by 
s a t i s f y i n g  the i n t e g r a l  equat ion  a t  two convenient  l o c a t i o n s  ( E = O  and 5 = 
1/4 i n  the p resen t  c a s e ) .  The entire procedure f o r  ob ta in ing  aland a2 i s  
descr ibed i n  Appendix E from which i t  follows t h a t  
where 
(7.50a) 
(7.50b) 
( 7 . 5 0 ~ )  
and c o e f f i c i e n t s  a1 through a4 are def ined  i n  Appendix E. 
NOW, w i t h  known values o f  al and a2 ,  Eq. (7.47) provides  the general  
s o l u t i o n  f o r  8 ( 5 ) .  
combining Eqs. (7.7) and (7.47) as 
The express ion  f o r  the bulk tempera ture  i s  obta ined  by 
Note t h a t  f o r  the case of no r a d i a t i v e  interaction ap,  a3, and a4 are equal 
t o  zero  and al = 1. Thus,  = 0 and a = -1, and Eq. (7.51) g i v e s  the 
result of Eq. (7.14). 
The governing equat ion  f o r  the l a r g e  p a t h  l eng th  l i m i t  i s  Eq. (7.44a).  
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For t h i s  equation also the solution i s  given by E q .  (7.47) b u t  the values of 
a ' s  are completely different  in t h i s  case. 
obtain solutions in the large path length l imit .  One approach i s  t o  make 
use of Eq. (7.44a) and go through the en t i r e  numerical procedure described 
i n  Appendix E for  the general solution. 
the general solution b u t  evaluate a l l  Ri  and Si integrals  of Appendix E in 
the large path limit. 
evaluated in closed forms. 
d i x  E. 
the general solution, constants a, and a2 are replaced by b, and b,, and 
coefficients a1 t h r o u g h  a4 are replaced by 6, through e4. 
the large path length l imit ,  therefore, i s  given by 
There are two approaches t o  
Another approach i s  t o  work w i t h  
In the large path length l imit ,  the integrals can be 
B o t h  procedures are described br ief ly  in Appen- 
In order t o  distinguish the large pa th  length l imit  solution from 
The solution for 
where 
(7.52a) 
( 7.52b) 
( 7 . 5 2 ~ )  
(7.52d) 
and coefficients 6, through B4 are defined i n  Appendix E. 
the bulk temperature i s  given by 
For t h i s  case, 
eb  = (1/70) (17b1 + 3b2) (7.53) 
Note that  in t h i s  case the value of coeffients 6, through 84 are obtained in 
closed form. 
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7.4.2 Transient Solutions 
The governing energy equations fo r  the t ransient  case are Eqs. (7.15a) 
and (7.15b). As in  Sec. 6.3,  general solutions of these equations are  
obtained numerically by employing the method of variation of parameters. 
For the present problem, a polynomial form fo r  e(c;,t) i s  assumed as 
(7.54) 
For a quadratic temperature dis t r ibut ion i n  E ( w i t h  time dependent coeff i -  
c ien ts ) ,  E q .  (7.54) i s  written as 
By using the boundary conditions ~ ( O , T )  = 0 and eE(E=1/2) = 0, t h i s  reduces 
t o  
e ( E , T )  = g ( T )  ( E - E 2 )  (7.55b) 
where g (  t )  represents the time dependent coefficient.  Consequently, 
Also, a combination of Eq. (7.6a) and (7.55b) yields the i n i t i a l  condition 
Note tha t  essential  boundary conditions are  used already i n  obtaining the 
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solution represented by E q .  (7.55b). 
By employing E q s .  (7.55b) and (7.56), E q s .  (7.15a) and (7.15b) are 
transformed i n  a l ternate  forms which are  expressed in  a compact form as 
(7.58) 
where Jl(e;) and J 2 ( 5 )  are defined in Appendix F. 
fo r  solution of Eq. (7.15a) and J 2 ( 5 )  i s  used fo r  solution of E q .  (7.15b). 
The solution of E q .  (7.58) sat isfying the i n i t i a l  conditions of E q .  (7.57) 
i s  given by 
The function J l ( 5 )  i s  used 
(7.59) 
The temperature dis t r ibut ion g i v e n  by E q .  (7.56b) can be expressed now as  
(7.60) 
The expression for  the bulk temperature i s  obtained t h r o u g h  use of E q .  (7.7) 
as 
(7.61) 
Note tha t  in E q s .  (7.59)-(7.61), J ( E )  becomes J l ( 5 )  for  solution of E q .  
(15a) and J, ( e )  for  solution of E q .  (15b). 
For a quartic solution i n  5 ,  Eq. (7.54) gives the resu l t  identical  t o  
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Eq.  (7.47) which fo r  the t ransient  case i s  expressed as  
Thus ,  
e5 (e ,? )  = (1 - 6E2 + 4=E3)g(.) + 2(5 - 3C2 + Z t 3 ) h ( ? )  ( 7  e 63a) 
e5.(5,T) = 1Z( - 5 + E 2 )  g ( t )  + 2(1  - 65 + 652) h ( ? )  (7.63b) 
( 7 . 6 3 ~ )  e,(=E,T) = ( 5  - Z=E3 + E 4 )  g' ( . r )  + ( E 2  - Z E 3  + e 4 ) h ' ( ? )  
By subst i tut ing Eqs. (7.62) and (7.63) into Eq. (7.15a), one obtains 
where 
and functions J 3 ( 5 )  and & ( E )  are defined in Appendix F. Equation (7.64) 
constitutes one equation i n  two unknowns, namely g(T) and h ( ? ) .  However, 
since the equation i s  l inear  in 7 ,  the principle of superposition can be 
used t o  s p l i t  the solution into two solutions as 
The i n i t i a l  condition for  t h i s  case can be written as 
(7.65) 
(7.66) 
e(5,o) = g(0) ( 5  - 25 + E 3 )  + h(0)(C2 - 2E3 + -E4) = 0 (7.67a) 
Consequently, 
g(0) = 0; h(0) = 0 (7.67b) 
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The solution of Eqs. (7.65) and (7.66) sat isfying the appropriate 
i n i t i a l  condition of Eq. (7.67b) i s  given respectively as 
By substi tuting Eqs. (7.68) and (7.69) in to  Eq. (7.62), the expression f o r  
the temperature dis t r ibut ion i s  obtained as 
9 ( 5  ,r = [ ~ ( E - E ~  ) ( E  -2e3+e4 ) /J3 ( E  )]( exp[ -J3 ( E  ) d x ( E  ) 1-11 
+ &(E -E2 ( E 2  -2E3 Y4 ) /J4 (6  I( exp[ -J,(&/y( e)]-1) (7.70) 
The bulk temperature in t h i s  case i s  g iven  by 
where x and y are defined in  Eq. (7.64). 
By s u b s t i t u t i n g  Eqs. (7.62) and (7.63) in to  Eq. (7.15b), there i s  
obtained 
where again x,y,z are defined in  Eq. (7.64) and functions J ~ ( E )  and &(E) 
are defined in  Appendix F. The solution procedure fo r  t h i s  equation i s  
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identical t o  tha t  for  E q .  (7.64) and the resu l t s  f o r  temperature d i s t r i -  
bution and bulk temperature are given respectively by E q s .  (7.70) and (7.71) 
with J3 rep1 aced by Js and J, by J, . 
In the large path l e n g t h  l imi t ,  the  two applicable governing equations 
are  Eqs. (7.45b) and (7.45d). The solutions o f  these equations can be 
obtained from the general solutions by evaluating the integrals in J 
function i n  the large p a t h  length l imit .  
A1 ternately,  fo r  a quadratic temperature dis t r ibut ion,  Eqs. (7.45d) and 
(7.45b) are transformed respectively t o  
.(7.73) 
I 
where J 7 ( 5 )  and J8(E) are defined in  Appendix F. The solution of Eq. 
(7.73) i s  given by E q .  (7.59) and expressions for  e (6 , r )  and 6b can be 
obtained from Eqs, (7.60) and (7.61) respectively. 
should be taken t o  use the correct re la t ion f o r  J functions fo r  different 
equations. 
Of course, proper care 
The large path length l imit  solutions for  a quartic temperature 
distribution can be obtained in  a similar manner. 
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8 .  PLANS FOR SPECIFIC RESULTS 
Some s p e c i f i c  r e s u l t s  have been obtained and these are being analyzed. 
The present plans are to  obta-in extensive r e s u l t s  f o r  the fo l l ow ing  cases w i t h  
vary ing phys ica l  and f low condit ions: 
A. Physical Geometries 
1. Para1 le1  Plates: One-Dimensional Radiat ion 
2. P a r a l l e l  Plates: Two-Dimensonnal Radiat ion 
3. D i f f u s i n g  Channel Flow: One- and Two-Dimensional Radiat ion 
4. Channel Flow: Top P la te  F la t ,  Bottom P la te  w i t h  a 5-15' ramp 
5. Scramjet I n l e t  Configurations - 
B. Radiat ive In te rac t i on  Cases 
1. 
2. Transient Energy Transfer By Radiat ion and Conduction i n  Homogeneous 
3. Trans ient  Energy Transfer By Radiation, Conduction, and Convection i n  
4. 
5. Appl icat ions t o  Flow o f  Chemically Reacting Gaseous Mixtures 
6. Appl icat ions t o  the Scramjet I n l e t  Configurations. 
Trans ient  Radiat ive Transfer i n  Homogeneous Gases 
Gaseous Systems 
Homogeneous Gaseous Systems 
Appl icat ions to  Flow o f  Homogeneous Gaseous Mixture 
C. Boundary Conditions 
1. Isothermal Black Boundaries 
2. Isothermal Gray Boundaries 
3. Noni sothermal Boundaries 
4. Boundaries w i t h  Uniform Heat Flux 
5. Actual Scramjet I n l e t  Configurations 
D. Flow Conditions 
1. Incompressible - Various Cases 
2. Compressible - MoD = 0.5, 1, 2, 3, 4, and 5 
3. Temperature Range - 300, 500, 1000, 2000, and 5000 K 
4. Pressure Range - 0.1, 1, 2, 5, and 10 atm. 
5. R e a l i s t i c  Conditions f o r  Scramjet I n l e t  Flows 
E. P a r t i c i p a t i n g  Medium 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
a. 
60 - One Fundamental Band 
CO - Three Important Bands 
H 6 - Five Important Bands 
06 - One Fundamental Band 
C02 -+ H 0 ( D i f f e r e n t  Concentrations) 
OH + H26 ( D i f f e r e n t  Concentrations) 
OH + H2 i- O2 + H20 ( D i f f e r e n t  Concentrations) 
A R e a l i s t i c  Combustion Model f o r  the Hydrogen A i r  System 
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F. Specific Results 
1. Nongray Solutions Based on Band-Model Correlations 
2. Optically Thin Solutions 
3. 
4. Gray Solutions 
5. 
Large Path Length Limit Solutions 
Nongray Solutions for Scramjet Inlet  Flows 
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9. CONCLUDING REMARKS 
A b r i e f  review i s  presented on various band models and band model 
co r re la t i ons  t h a t  are usefu l  i n  nongray r a d i a t i v e  t rans fe r  analyses. 
D i f fe ren t  formulations f o r  one-dimensional r a d i a t i v e  f l u x  are provided. These. 
a re  used t o  develop the basic governing equations f o r  t rans ien t  energy 
t ransfer  i n  gaseous systems. L i m i t i n g  forms o f  these equations are obtained 
i n  ‘the o p t i c a l l y  t h i n  and la rge  path length  l i m i t s .  flumerical procedures are 
described t o  solve the governing equations f o r  d i f f e r e n t  physical and f low 
condi t ions.  The plans f o r  ob ta in ing  extensive r e s u l t s  f o r  d i f f e r e n t  cases are 
provided. The formulat ion and numerical procedure presented i n  t h i s  study can 
be extended e a s i l y  t o  multi-dimensional analyses. I n  the near fu ture,  the 
inf luence o f  r a d i a t i v e  i n te rac t i ons  w i l l  be inves t iga ted  f o r  the r e a l i s t i c  
f low o f  hydrogen-air mix ture i n  the scramjet i n l e t  conf igurat ion.  
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APPENDIX A 
EXPONENTIAL INTEGRALS AiID EXPRESSIONS FOR RADIATIVE FLUX 
Some important re la t ions for the  exponential integrals  are given i n  
Appendix B o f  Ref. 8; and i t  is  noted tha t  
I E n ( t )  d t  = - E, + 1 (t) ;  En(0) = l / ( n - 1 )  . ( A 4  
Now, consider the f i rs t  integral  i n  Eq. (3.1) as 
By defining x = - t ,  d t  = - dx,  and Eq. (A.2) becomes 
Thus,  
x T lo E p ( T x - t ) d t  1 
2 
E3(rx) = E3(0) - 1(1) = - - 
The second in tegra l  i n  Eq. (3.2) i s  written as 
(A.3) 
65 
By defining x = t - T E q .  ( A . 4 )  i s  expressed as A' 
or 
A substitution of Eqs. (A.3) and (A.5) i n t o  Eq. (3.1) results i n  (for 
the case B,A = elA and B,A = e , ~ )  
T h i s  equation when expressed i n  terms o f  the wave number w i s  exactly the 
same as Eq. ( 3 . 4 ) .  Following a similar procedure, Eq. (3.5) i s  obtained 
from Eq. (3.2). 
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APPENDIX B 
ALTERNATE FORMS OF RADIATIVE FLUX EQUATIONS 
In r a d i a t i v e  formulations, i t  i c  d e s i r a b l e  t o  e x p r e s s  t h e  relations for  
and d i v  qr i n  terms of and A', and avoid t h e  use of TI'. This  
-1 
q r  
i s  accomplished by express ing  t h e  i n t e g r a l s  con ta in ing  A and < i n  
al ternate forms through t h e  procedure of i n t e g r a t i o n  by p a r t s .  
performed by using t h e  r e l a t i o n  
T h i s  i s  
J a  b m dn = (mn), b b  - n dm 
Consider now t h e  f i r s t  i n t e g r a l  i n  Eq. (3.21) and e x p r e s s  as 
-I 3 
2 
BI(1) = ,$ Flu ( E ' )  A [- U o i  (E-E')] dE' 
For i n t e g r a t i o n  by p a r t s ,  l e t  
-I 3 
2 
m = Flu; dn = A [- uo ( 5 - E ' ) ]  dg '  . 
Then, 
dm = (dFlu/dg')  d e '  = (de /dg ' )  d e '  . 
In o r d e r  t o  g e t  n,  le t  
3 
2 
u = -  u0 ( c - c ' ) ,  du/dc'  = .. 3 u0/2 
and 
dn = [dx(u)/du] dg'  = [dx(u)/de '  x de ' /du]  d e '  
= - (2/3u0) [d  X(u)/dg ' ]  dg '  = (-  2/3uo)dx(u) . 
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Thus, 
- 3  
2 
n = -(2/3u0) A(u) = -(2/3uO)A [- u~(c;-~')] . 
Consequently Eq. (B.2) can be written as 
Note that by the definitions given in Eqs. (2.2) and (2.8), r(0) = 0. 
the present case, only the definition given in Eq. (2.8) is acceptable for 
A(0) = 0. Also by definition, Flw(0) = 0. Thus, Eq. (8.3) reduces to 
In 
- 
Let, 
The second integral in Eq. (3.21) is written as 
- 3  
2 
m = FZw; dn = A'[- u,(~~-~,)]dg~ 
6 8  
Then, 
Now, to get n, let 
u = - 3 uo(E'-C), du/dE' = 3u0/2 
2 
and 
dn = [di?(u)/du]dg' = [dx(u)/dt' x dg'/du]dE' 
= (2/3uo)[d~(u)/dg'] dg' = (2/3u0) dx(u) 
Thus, 
n = (2/3u0)x(u) =(2/3u0)A[- - 3  u0(E'-E)] 
2 
Consequently, Eq. (B.5) is expressed as 
Since, by definition, F20(l) = 0 and A(0) = 0, Eq. (B.6) reduces to 
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By use of Eqs. (6.4) and (B.7), the integrals i n  Eq. (3.21) can be 
expressed i n  alternate forms and this results i n  Eq. (3 .23) .  
Consider now the integrals i n  Eq. (3.22);  the f i r s t  integral i s  written 
as 
For integration by parts, l e t  
-1' 3 
2 
m = Flu ( e ' ) ;  dn = A [- uo ( 5 - 5 ' ) ]  d e '  
Then 
As before, t o  obtain n, let 
3 
2 
U = - U o ( E - e ' ) ,  du/dE'  = - 3u0/2 
and, therefore, 
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d 
du 
dn = - [dA(u)/du] dg'  
= d{(-2/3 uo)[dx(u)/du]} 
Thus, 
3 
2 
-1 
n = (-2/3uo) A (u) = ( - 2 / 3  uo) x 1- u0 ( E - C ' ) ]  
and Eq .  (6.8) can be  written as 
B I ( 3 )  = (Flu (-2/3 uo) ii' [- 3 uo (5-5 ' ) ] )0  E 
2 
(8.9) 
-I 3 
2 
- I! {(-2/3 uo) A [- u O ( ~ - c ' ) ]  ] [ d F l 4 E ' ) / d S ' ]  d5'. 
I 
S i n c e  Flw(0) = 0 and A (0)  = 1, E q . ( B . 9 )  r educes  t o  
Similarly, for t h e  second i n t e g r a l  i n  Eq. (3.22), one can f i n d  
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A substi tution o f  Eqs. (B.10) and ( B . l l )  in Eq. (3.22) resu l t s  i n  Eq.  
(3.24). Also, a different ia t ion of Eq. (3.23) with respect t o  E ,  by using 
the Leibnitz formula, gives 
(6.12) 
Since'jji(0) = 0, Eq. (6.12) reduces t o  Eq.  (3.24). 
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APPENDIX C 
DEFINITION AlVD EVALUATION OF INTEGRAL FUNCTIONS 
For the convenience and use i n  the computational procedure, the follow- 
ing definit ions are employed in  expressing the relat ions for  the integral  
functions: 
b i  = 3uOi/2 
c i  = U b i  = 2/3uOi 
C ( 5 )  = 1 / (5 -52 )  
3 r = l / ( u T 1 )  
Various integrals are defined and simplified as follows: 
(C.la) 
(C. lb)  
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(C.2a) 
b i  (1-5) 
[e2 + 25 ci u + (ciu)2 -11 i( (u) du)) C .2b) 
+ Io 
(C.3a) 
( C  .3b) 
(C .4a) 
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b i ( W  
+ J o  [1-E2-2E CiU - c ~ u ) ~ ]  $ ( u )  du) 
(C4.b) 
(C .5b) 
(C .6a) 
( C .6b) 
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n biE 
= (r/6) E (Hli/uoi) {Io (1-25 + 2ciu) Ai(u) du 
i =1 
bi(l -E) 
(1 -& -2ci U) Xi ( U) du) - I o  
n 
% ( E )  = (r/4) E 
i =1 
Hli {,: ( 2 5 ' )  Ai C b i ( 5 - 5 ' )  dS' 
bi  (1-5) 
- Io (25 + 2ciu) xi(u) du) 
bi n 
i =1 
1 
= (r/4) E Hli {lo [ciu - ( c ~ u ) ~ ]  xi (u) du) 
(C .7b)  
(C.8a) 
( C  .8b) 
( C  . sa)  
(C.9b) 
+ I1 ( 5 ' -  E l 2 )  3) (improper) 
5 (5  ' - 5  l2 
1 
+ I, (5 l2 - 1) 11 ( improper) 
( 5 '  - 5 )  
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(C.lOa) 
(C . lob)  
( C .1 l b )  
(C.12a) 
( C .12b) 
(C.13) 
( C  .14) 
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(C.15a) 
(C .15b) 
(C .16a) 
( C  .16b) 
(C.17a) 
(C.17b) 
(C .18) 
(C .19a) 
(C .19b) 
1 
622 = (rH1/4) I, (1-Ei2)  d e ' / 5 '  
( improper) 1 
2 
= - (rH1/4) [- + an (o) ]  
n 
1 
623 = ( r / 4 )  -7  Hli I, (1-25')  En (bi 5 ' )  d e '  
1 =1 
7% 
(C.20a) 
(C .20b) 
(6.21) 
(C .22a) 
(C.22b) 
(c.23a) 
(C.23b) 
(C .24a) 
(C .24b) 
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APPENDIX D 
INFORMATION FOR NUMERICAL PROCEDURE 
1. Data: 
T = 300, 500, 1000, 2000, 5000, etc. - K 
P = 0.1, 1, 2, 5 ,  10, etc.  - atm 
L = 1, 2, 5, 10, 20, etc. - cm 
5 +. x = O.O’+ 1.0; x = U(1) 
2. Thermal conduct iv i t y  o f  t he  gas: 
3. The Planck func t ion  and i t s  der iva t ive :  
z PF 
C 1  
exp (C2/T) - 1 e,o = 
d e h  C1 C2 exp 
E PFD - --  
dT T2 [exp (C2/T)-1I2 
where 
and w = w = w = wave number center o f  the  i t h  band. c o  
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By defining 
TEXP = exp(C2/T) 
Eq. (D.3) i s  expressed as 
PFD = (ClC2) (TEXP)/[(T2) (TEXP - (0.4) 
A l l  values i n  Eqs. (0.2) - (D.4) shou ld  be evaluated for each band. 
4. Information or  re la t ion for  A, fo r  each band, A, = f ( T ) .  
5. Information on Co2 for  each band, Co2 = f ( T ) .  
6. Information on uo for each band, uo = Co2 PL (nondimensional). 
7. Information on B2(T) f o r  each band (nondimensional) 
8. Equivalent or  effect ive pressure relat ion fo r  each band. 
Pei = [ ( P I P  0 ) + ( P i / P o )  ( b i  - l)In ( n  ondimens i on a1 ) . (D.5) 
and P must be i n  the units pi In Eq. (D.5), Po = 1 atm and, therefore,  
of atm. Note tha t  P i  i s  the par t ia l  pressure of the i t h  species i n  a 
gases mixture and P is  the to t a l  pressure; bi ( the  self broadening 
coefficent) and n are different for  different bands. For a single 
component system, E q .  (D.5) i s  usually expressed as 
Pe = ( b  P/Po)n  (nondimensi on a1 ) 
9. Line s t ructure  parameter fo r  each band: 
8 = B2 Pe 3 BETA 
81 
0.7) 
10. Correlation fo r  each band ( for  Tien and Lowder's correlat ion):  
f (6)  = 2.94 [l - exp(-2.606)] 5 F 
11. Band absorptance correlation fo r  each band (Tien and Lowder's 
correl a t  i on) : 
A ( u , ~ )  = fin [ u F  ( + ) + 13 z A U  
u + 2F 
(D.9) 
12. The derivative of the band absorptance correlation fo r  each band (Tien 
and Lowder ' s correl  a t  i on) 
- 
A ' ( u , B )  = [ F  ( u 2  + 4 u F + 4F)]/DEN : AUD ( D . l O )  
where 
DEN = I F  ( u 2  + 2u + 2)  + u ] ( u  + 2F) 
These basic re la t ions are used i n  the governing equations of Section 6 
t o  obtain numerical solutions f o r  specif ic  gaseous systems. The  spectro- 
scopic and correlation quant i t ies  needed for  these calculations are available 
i n  122,241. 
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APPENDIX E 
EVALUATION OF CONSTANTS FOR STEADY LAMINAR FLOWS 
To determine the constants i n  Eq. (7.47), Eq. (7.49) i s  evaluated a t  
5 = 0 and 5 = 1/4. 
used (some of which are  a lso used i n  Appendix C) 
To avoid excessive writing, the following notations are  
5 '  = n, dg' = do 
bi = 3uOi/2; ci = l /bi  = 2/3uOi 
For 5 = 0, Eq. (7.49) reduces t o  
3 4  1 
n 
al + 1 + - (L/k) E HliuOi (I [al(n-m +n ) 3 
2 i =1 0 
By defining u = b.n, Eq. (E.l) is expressed in  an alternate form as 
1 
n b .  
a,{ l+(L/k) E H l i  I '[c .u-2(c .u)3+(c .u)4] Ai(u)du) 
i =1 0 1  1 1 
bi n 
i =1 
+a2{(L/k) E Hl i  [ ( c . u ) ~ - ~ ( c . u ) ~ + ( c . u ) ~ ]  A!(u) du)=-1 o 1  1 1 1 
Now, by defining the following integral  functions-, 
Rli = bi ui 7${ (ui) dui 
0 
bi u3 A! (u.)  du 
0 1 1  1 i R3i = 
R = Jbi u'f A! (Ui) dui 
4 i  0 ' l  
Eq. (E.2) i s  expressed as 
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(E .3a) 
(E.3b) 
( E  .3c) 
(E.3d) 
a1 a1 + a2 a2 = -1 (E.4a) 
where 
n 
a1 = 1 + (L /k )  HI i  (C iR l i  - 2 c? RSi + C! R4i) (E.4b) i =1 
n 
i =1 
a2 = (L/k) Hli (c :R~~ - 2 C! Rgi -+ c! R4i) 
For 6 = 1/4, Eq. (7.49) reduces t o  
11 3 11 
16 16 a1 * -  a2 +g 
-
1 3 
2 . i =1 0 4 
n 
= - (L/k) C HliuOi e ( n )  x{ [bi (A - n)] dn 
( E  .4c) 
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By def in ing  u = b .  (- 1 - n) f o r  t h e  first i n t e g r a l  and u = bi (0 - -) 1 for t h e  
l 4  4 
second i n t e g r a l ,  Eq. (E.5) is  written as 
3bi /4  
0 4 ’  
e(- + c .u )  x ; ( u )  du - I  
By denot ing d = ciu, t h e  fo l lowing  relations a r e  obta ined  from Eq. (7.47):  
57 11 9 d)  = al(- - - d - - d2 + d3 + d4) 1 e(- - 
4 256 16  8 
9 13 1 
256 16  8 
+ .a&- - - d - - d2 - d3 + d4)  
and 
1 57 11 9 
4 256 16  8 
e ( - +  d)  = al(-+-d - -d2 - d3 + d4)  
+ + ( - + - d - - d z - d 3 + d 4 )  9 3 1 
256 16 8 
A combination of Eqs. (E.6) and (E.7) results i n  
b i /4  3bi / 4  - 
A{(u) du] 57 
n 
ai(C C_ Hli {G [Io x; (u )  du - I 0 
K i-1 
(E.7a) 
(E.7b) 
b i /4  3bi /4  
- I 11 c.[( UT; (u)  du + .f ux; (u) du] 16 0 0 
a5 
bi I 4  3bi 14 - - 9 C? [I u’T{(u) du - I u2Ti (u) du] a 1  0 0 
11 
16 
bi 14 3bi I 4  
u ~ A !  (u) d u l l -  -) 
1 
+ c![ J u ~ A ! ( u )  du - J 
1 0  1 0 
bi/4 3bi I 4  
u A! (u) du] 
1 
- 3 c.[ / u A!(u) du + 1 
16 0 1 0 
b i  14 3bi I 4  
U~K!  (u) du] 1 a 0 1 0 1 - - C! [ J u ~ A ! ( u )  du - J 
b i  I 4  3bi I 4  
u3A!(u) du + J u3AI (u) du] 
. 1  1 0 
+ c; c Io 
bi/4 3bi I4 3 
+ C! [ J u ~ A ! ( u )  du - I 
1 0  1 0 1 
u~A! (u )  d u l l -  -) 
16 
By not ing  t h a t  for any continuous funct ion F(x) 
3 / 4  1 / 4  3 / 4  
0 0 1 /4 
/ F(x) dx = / F(x) dx + F(x) dx 
and de f i n ing  
3bi /4 - 
S l j  = I Ai(ui) dui 
b i  /4 
3bi /4 
0 1 
u. iC!(Ui) dUi s3i = I 
3bi /4 
bi /4 '41 = I us 7Ti (ui ) dui 
3b . /4  
1 3 -  ui A; (ui) dui 
0 
'6i = I 
3bi/4 
bi/4 S 7 i  = ! ui K:(ui) dui 
Eq. (E.8) can be written as 
a1 a3 + a2 a4 = - 11/16 
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(E.9a) 
( E  .9b) 
(E.9c) 
(E .9d) 
(E.9e) 
(E.9f) 
(E.lOa) 
where 
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(E.lOb) 
+ c ~ S ~ ~ J  + 3/16 (E.lOc) 
By solving Eqs. (E.4a) and (E.lOa) simultaneously, there i s  obtained 
the r e su l t s  f o r  constants a, and a2 as 
a1 = (11 a2 - 16 a4)/DEN (E.lla) 
where 
( E . l l b )  
(E . l lc )  
The governing equation for  the large path length l imit  i s  Eq. (7.44a) 
for  which the solution i s  also g i v e n  by Eq. (7.47). For the large path 
length l imi t ,  Eq. (7.47) i s  expressed i n  the form of Eq. (7.52) which i s  
represented here as 
Thus, 
e ' ( E )  = b , ( l  - 652 + 453)  + b, (25 - 652 + 453) (E.13) 
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A substi tution of Eqs. (E.12) and (E.13)  i n  Eq. (7.44a) gives 
b, (1 - 652 + 453) + b, (25 - 652 + 453) - 2 ( 3 ~ 2  - 253)  + 1 
For E = 0, Eq. (E.14)  reduces t o  
(E  .14) 
(E.15) 
Upon s u b s t i t u t i n g  for e ( 5 ' )  from Eq. (E .12 )  into Eq. (E .15 ) ,  the integrals  
can be evaluated in  closed form and there i s  obtained 
b, B l  + b2 B2 = - 1 ( E. 16a) 
where 
81 = 1 + (7/12) M; B, = (1/12) M (E.16b) 
For 5 = 1/4, Eq. (E.14) reduces t o  
( E  .17) 11 3 11 1 1 - b, + - b, + - = M 
16 16 16 0 4 
,f e ( < ' )  dE'/(-  - E ' )  
By s u b s t i t u t i n g  for  e ( 6 ' )  in  t h i s  equation, another re la t ion between b, and 
b, can be obtained in  terms of p3 and fc,. B u t ,  this appears t o  involve the 
evaluation of a few improper integrals .  Thus, t h i s  approach i s  abandoned i n  
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favor of an a1 ternate procedure discussed below, 
The solution i n  the large path length l imit  can be obtained from the 
general solution by evaluating t h e  integrals  Ri and Si i n  the l imit  of 1 
path length. Since i n  this l imit  x l ( u )  = l / u ,  the integrals  i n  Eqs. (E.3) 
and (E.9) are evaluated t o  obtain 
(E.18a) 
From Eqs. (E.4) and (E.l8a), there i s  obtained for  the large path length 
1 imi t 
fll = 1 + (7/12) M; 82 = (1/12) M (E.19b) 
which i s  the same resul t  as given by Eq.  (E.16). From Eqs. ( E . l O )  and 
( E . l 8 b ) ,  one obtains in the large path length l imit  
b l  83 + b2 $4 = . 11/16 
where 
$3  = 11/16 + M [(57/256) gn(3) + 651'1921 
= 11/16 + 0.583 154 559 M 
( E .  20a) 
( E .  20b) 
8,+ = 3/16 + M [(9/256) gn(3) + 17/192)] 
= 3/16 + 0.127 164 755 M 
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(E.20~) 
The so lu t i on  of Eqs. (E.19a) and (E.20a) y i e l d s  
where 
(E .21b) 
(E .21~)  
With b l  and b2 known, the  so lu t i on  f o r  t he  temperature d i s t r i b u t i o n  i s  
obtained from Eq. (E.12). 
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APPENDIX F 
INTEGRAL FUNCTIONS FOR TRANSIENT LAMINAR FLOWS 
For convenience and use i n  the computational procedure, the following 
definit ions are employed i n  expressing the relations for  the integral 
functions: 
Various integrals  are defined as follows: 
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1 
n 5 3 J,(c) = z + -  (L/k) c 
2 i =1 0 Hliuoi{/ a(5 ' )  xi [ b i ( ~ - 5 ' ) ]  dg' 
1 
+ ( E )  = 3N + C ( 5 )  [ Z  + M (1-25')  d 5 ' / ( 5 - 5 ' ) ]  
0 
= 3N + C(5) { 2  + M [ Z  + (25-1) Iln (E)]} 
5 
(.F .5) 
